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Abstract

We propose a quantum error mitigation scheme for single-qubit measurement
errors, particularly suited for one-way quantum computation. Contrary to well
established error mitigation methods for circuit-based quantum computation that
require the circuits to be run several times, our method is capable of mitigating
measurement errors in real-time, during the processing measurements of the one-
way computation. For that, an ancillary qubit register is entangled with the to-be-
measured qubit and additionally measured afterwards. By using a voting protocol
on all measurement outcomes, occurring measurement errors can be mitigated
in real-time while the one-way computation continues. We provide an analytical
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expression for the probability to detect a measurement error depending on the
error rate and the number of ancilla qubits. From this, we derive an estimate of
the ancilla register size for a given measurement error rate and a required success
probability to detect a measurement error. Additionally, we also consider the
CNOT gate error in our mitigation method and investigate how this influences
the probability to detect a measurement error. Finally, we show in proof-of-
principle simulations and in experiments executed on IBM quantum hardware
that our method is capable of reducing the measurement errors significantly in
a one-way quantum computation with only a small number of ancilla qubits.

Keywords: quantum computing, error mitigation, measurement errors,
measurement-based quantum computing

1 Introduction

During the current era of noisy intermediate-scale quantum devices (NISQ devices),
harnessing the full potential of the available quantum processors is a necessary but
demanding task for all quantum computation applications. While the quantum circuit
model is the most well-known and most used quantum computational model on cur-
rent NISQ devices, also several models of measurement-based quantum computation
(MBQC) exist [1-4] and have received increasing interest in the search for scalable
quantum computation [5-10].

In MBQC, the computation is performed via measurements and local operations
on a special class of entangled resource states, called graph states [1-4]. Those MBQC
models are computationally equivalent to the circuit-based model, while their funda-
mental concepts and technical requirements can differ significantly [3, 4], since the
MBQC paradigm trades larger memory for less complex quantum operations. The
abstract MBQC paradigm consists of three steps: entangle an ensemble of qubits, mea-
sure a set of ancillae, and correct the output based on the measurement outcomes. The
correct identification of required corrective measures is therefore paramount. Hence,
the focus of the work presented here is the real-time verification of such corrective
measures in a way that is compatible with a specific MBQC model called one-way
quantum computing (OWQC), a measurement-based model proposed by Raussendorf
and Briegel [1-3].

Recently, it has been shown that using elements from MBQC, such as mid-circuit
measurements and feedforward quantum operations, in quantum circuits (dynamic
circuits) can boost their performance and yield an advantage over unitary-only cir-
cuits [11-17]. A protocol that allows for verification of correct feedforward operations
is thus applicable to dynamic circuits as well.

On the other hand, the variational quantum eigensolver, an extensively studied
protocol for quantum circuits [16, 18-26], has recently been adapted for MBQC [5-8].
However, the significant noise level in current NISQ devices makes error mitigation a
necessary step in every quantum computation. As we will discuss in Section 2.1, the



misidentification of corrective operations has a particularly severe impact. The imple-
mentation of a verification method is therefore crucial for existing error mitigation
techniques that rely on errors acting perturbatively to perform well.

Several methods to mitigate different types of errors are well established for
unitary-only quantum circuits [21, 27-34]. For dynamic circuits and MBQC new meth-
ods to mitigate errors in final expectation values obtained from the circuit output
state have been proposed [35, 36]. There has, however, been slow progress regarding
the direct mitigation of measurement errors in the processing measurements and sub-
sequent identification of corrective operations in MBQC. Using established mitigation
methods of quantum circuits for MBQC has the major drawback that calibration runs
need to be executed to learn the measurement error rates before the computation and
errors can then only be compensated during post-processing [29-32]. Since the com-
putation in MBQC proceeds via the qubit measurements, a mitigation method that
can be applied in real-time, identifying not only the state of the measured qubit but
more importantly directly inferring the state of the to be corrected qubit, is required.

In this paper, we implement a method that uses additional verification qubits for
each single-qubit measurement and a voting protocol to determine the correct state of
the qubit still remaining in a OWQC. This voting protocol approach is well-established
in classical computing and some gate-based quantum computing protocols. However,
the main focus of this work is compatibility with OWQC compute steps and the
correct identification of the corrective operations. Instead of the correct identification
of the measured ancilla state because projection/backaction errors may cause the
measured ancilla state to not coincide with the state indicating the corrective operation
that needs to be performed. In contrast to error correcting codes, which have severe
overheads given the larger memory requirements in OWQC, we require only a constant
number of verification qubits depending on the measurement error rates, by re-using
the verification qubits after each measurement.

We note that methods based on ancillary qubits have already been proposed to
boost the performance of photonic Bell measurements [37-39], followed by exper-
imental realizations [39, 40]. However, those methods differ from our method in
the qubit state preparations before the measurements, using specifically tailored
preparation schemes for photonic Bell measurements [37-40]. Nevertheless, they
still provide a valuable mitigation method for fusion-based quantum computation,
which uses multi-qubit measurements instead of single-qubit measurements for the
computation [4, 40].

The paper is organized as follows. First, in Section 2, we discuss post-processing-
based mitigation techniques, their limitations, and why we believe a voting protocol is
preferable for the identification of corrective operations. We then introduce the model
of measurement errors we are going to use in this work in Section 3. We make a clear
distinction between errors that occur through the readout apparatus after projecting
the qubit during the measurement (readout errors) and the actual projection error
that occurs during the projection since this is the foundational difference between
correctly identifying the state of the measured ancilla and the corrective operation
required for the computation to proceed. In Section 4, we discuss the compensation of
readout errors via a voting protocol. Afterwards, in Section 5, we discuss a method to



compensate projection errors using a register of verification qubits for each measure-
ment in the OWQC. We additionally consider the CNOT error within this method in
Section 6 and present results where we applied our method to the elementary compute
step of every OWQC in Section 7. The results were obtained via numerical simula-
tions and additionally through execution on IBM quantum hardware. Finally, we make
some concluding remarks in Section 8.

2 Mitigation techniques

The primary objective of this work is the application of mitigation protocols for
OWQC. In this section, we will therefore review the two main mitigation approaches
— post-processing and voting protocols — with regards to their suitability for OWQC.

2.1 Post-processing

The most common approaches to error mitigation in quantum computing are statistical
post-processing schemes [32, 41-51]. In these frameworks, a quantum computation
is repeated to obtain an outcome distribution. For example, one might use S shots
(repetitions) and observes a qubit in the state |0) with frequency fy and in |1) with
frequency fi1. Using machine calibration data or specific modeling techniques, we know
that the observed frequency vector f = (fo, f1)? can be modeled via a perturbation
matrix P from the “true” (error-free) distribution vector F as f = PF. Thus, instead
of using the observed frequency vector f, expectations of observables are computed
with P! f. Of course, there exist more elaborate techniques where suitable additional
noise is introduced to the circuit to allow for mitigation of expectation values either
directly or via additional post-processing such as an extrapolation step in the zero
noise extrapolation.

The foundational premise of these type of mitigation approaches is therefore that
a circuit is executed multiple times for expectation values of observables to be better
approximated. However, this is not what is required for OWQC. A compute step in
OWQC measures a qubit which affects an operation on another qubit. Based on the
measurement outcome, one of two operations is performed, and a corrective operation
may be required to ensure that the affected qubit has the same operation performed on
it independent of the measurement outcome of the measured qubit. This implies that
there are two fundamental obstacles to post-processing approaches within the OWQC
compute step. First and foremost, repeat evaluations of the circuit are not possible for a
single compute step as the computation does not end with the measurement step. This
approach is perfectly viable for the final outcomes, but not for mitigating individual
compute steps. Second, the distribution of outcomes that post-processing aims to
correct is irrelevant for the compute step. The measurement outcome is irrelevant per
se. The ability to correctly identify the operation performed on the affected qubit is
what matters.

For example, suppose that we want to execute an operation U on the affected
qubit, but the measured qubit indicates that an operation U’ = CTU has been per-
formed. We then correct the state of the affected qubit by applying the correction
C' to it. In the correction-measurement-entanglement (CME) standard pattern [52],



this operation C' is a product of Pauli X and Z operations. Suppose the current
computational state is |¢)g) and the measured qubit is misidentified. Then, a wrong
correction C' is applied to [¢)g). Thus, the computation continues with an incorrect
state |¢) while the correct state should have been |¢)) with |[¢)) = P|t) where P
is a (multi-qubit) Pauli matrix. Hence, the Hilbert space can be split into two sub-
spaces of equal dimension corresponding to the eigenspaces with respect to +1 of
P. We can then decompose |¢)) = a|+) + §]—) with respect to those eigenspaces
as well and obtain [¢)) = a|+) — 8|—). The angle between |¢) and |¢)) is therefore
6 = arccos(|al? —|B|%) = arccos(2|a|? —1). This is equivalent to a fidelity of |2|a|? —1]|.
Since unitary operations are angle-preserving, this angle between the computational
state and the true state it should be in remains unchanged until and unless another
measurement is misidentified.

Assuming a Q-qubit state |¢0) chosen uniformly at random, we can model |al|?
as a quotient ﬁAB where A and B are sums of 29 independent standard-normal
random variables, i.e., A and B are XgQ—distributed. Thus, |a|? has a beta-distribution
B(2Q_1, 2Q_1), i.e., it has an expected value of % Furthermore, the expected angle is
E() = 72((2;;) fol arccos(2z — 1)22°~1(1 — 2)?”~1dz = Z. For the expected fidelity,
1
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for large numbers of qubits ), the expected fidelity after a single misidentification is
very close to zero with very high confidence.

This fundamentally forces an attempt at post-processing-based mitigation tech-
niques to be implemented in such a way that statistical evaluation becomes possible.
Theoretically, this can be achieved using deferred measurements. However, this effec-
tively replaces the measurement feedforward operation of OWQC with a de facto
gate-based computation. While this is in principle possible, it prevents reusability
of measured qubits, introduces more complex operations, and thereby removes the
advantages of OWQC.

we note that 2|a|? — 1 has mean 0 and standard deviation which implies that

2.2 Voting protocols

The discussion in Subsection 2.1 above indicates that standard post-processing
approaches to quantum computation may be relevant in mitigating errors equivalent
to errors arising in gate-based computation, but they cannot address the misidentifica-
tion error which is crucial for OWQC. As seen above, given a single misidentification,
the resulting state is expected to be orthogonal to the state the machine should be
in, and for large numbers of qubits, a single misidentification leads to a complete loss
of fidelity. For OWQC it is therefore paramount to correctly identify which operation
needs to be performed on the computational state.

The most common approach to achieve such a goal is to implement majority signal
voting. Majority signal voting has a long history in various fields of engineering rang-
ing from early communications using increased power levels and Hamming codes to
improve reliability, to modern sensor technology where data from multiple sensors is
averaged and sensors whose data is too far from the average get labeled as unreliable
and excluded [53-58].



o NP
v v ©
. Majority Voting

Majority Voting

(a) (b) (c)
Fig. 1: Schematic implementation of the verified measurement protocol with qubit
reuse . The linear graph represents a OWQC, where the target qubit 7" should be
measured next. The verification register V' is shown here with 3 qubits. Panel (a) -
(¢) show a full cycle during the OWQC, consisting of (a) a verified measurement on
qubit T and register V', (b) the re-entangling of V' with the next target qubit and (c)
the next measurement.

Error correcting codes in quantum computing naturally fall into this approach [59—
64]. However, using multiple physical qubits to encode a single logical qubit incurs
significant overheads. This is particularly prohibitive for OWQC compared to gate-
based models, since every measurement-based operation requires a qubit to be
measured. Thus, the number of logical qubits required scales with the number of oper-
ations performed. For example, performing an Euler rotation on a single qubit requires
4 additional qubits in OWQC. Thus, using ¢ physical qubits per logical qubit and
performing k Euler rotations on that physical qubit requires ¢ physical qubits in the
gate-based model but (4k + 1)q physical qubits in OWQC. This renders error correct-
ing codes near-term infeasible for OWQC. On the other hand, it should be noted that
once a qubit has been measured, it is available for further calculation. Thus, we aim
to implement a voting protocol that reuses a verification register at different times as
shown in Fig. 1.

The implementation of such a “verified measurement” through the use of a verifi-
cation register requires the encoding of single qubits into entangled multi-qubit states
immediately prior to the measurement and readout procedure (cf. Fig. 1b). Within the
context of gate-based quantum computing, various such implementation approaches
have been considered [65-70]. The approaches considered in [65-70] are in principle
also applicable to OWQC and, if applied to OWQC compute steps, their results remain
valid.

However, there are also substantial differences between those voting methods, the
commonly used post-processing methods, and our own framework. For the most rele-
vant approaches, we summarized the major differences in Tab. 1, covering if the method
requires calibration, or post-processing, on what exactly the mitigation acts on and if
this method is applicable to measurement outcomes in real-time. Tab. 1 shows that

¢



Approach Calib. Post- Acts on Real-

required  processing time
Post-processing mitigation [29-32, 36] yes yes statistics® no
Measurement purification [67, 68] no no single shots no
Ancilla-encoded readout [65, 66] no no single shots yes
Verified measurements (This work) no no feedforward operation yes

“ Ref. [36] addresses mid-circuit measurements that drive feedforward operations, but mitigates only the
ensemble expectation values; the operation applied in an individual run remains uncorrected.

Table 1: Comparison of representative measurement-error mitigation approaches
with the framework proposed in this work. “Calibration” refers to device
characterization that must be performed before the computation, “Post-processing”
refers to a required post-processing after the measurements to mitigate the results,
“acts on” denotes the quantity that is actually corrected and “real-time” refers to
the ability to correct a single compute step while the computation continues.

the approaches of [65, 66] are very similar to our work. They propose a similar method
to our verified measurement approach for computational basis measurements in gate-
based quantum computing. There is, however, a gap between measurement verification
in OWQC and gate-based computing in the fact that traditional gate-based comput-
ing always measures in the computational basis at the end of a quantum circuit!, while
in OWQC the operations performed on the device state are determined by the choice
of measurement basis, and the resulting (error-free) measurement outcomes determine
the feedforward operations. The work presented in the following therefore primarily
aims at bridging this gap, to make measurement verification directly targeting the
feedforward operations and thereby applicable to OWQC.

3 Modelling readout and projection errors for
single-qubit measurements

Considering a single-qubit measurement in an arbitrary basis {|e1),|e2)}, we can in
general identify two kinds of measurement errors that can occur:

e Given that the qubit is in one of the measurement basis states |b) € {|e1),|e2)}, a
projection error may project this state during the measurement into the orthogonal
basis state |-b) with a probability p_p.p.

e Given that the qubit was projected into |b), the readout apparatus may falsely
record the qubit to be in state |=b). Which we call a readout error, occurring with
probability 7 p.

While it is not common to separate projection and readout error in the quantum
computing literature, it is a common separation in other fields such as nuclear magnetic
resonance imaging where it is usually discussed within the context of sensor backaction,
non-destructive readouts, or non-demolition measurements [71-77]. It is also useful
and important within the context of OWQC because we have qubit pairs containing
an “upstream” and a “downstream” qubit, and we make a computational decision

1Both works do not consider any mid-circuit measurements or feedforward operations [65, 66].
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based on the measurement outcome of the upstream qubit. The distinction becomes
important for OWQC precisely because we infer the state of the downstream qubit
from the measurement outcome of the upstream qubit. As such, the measured qubit
acts as a witness about the state of another qubit instead of giving information about
its own state, which is the more canonical usage of measurement outcomes. In the
latter case, the distinction becomes less relevant.

For simplicity, let us assume that the qubit pair is in a Bell state 00)+111)

. Measur-

ing the upstream qubit should collapse the state into either |00) or |11) and reading
the state of the upstream qubit tells us the state of the downstream qubit. Without
loss of generality, let the downstream qubit be in the |0) state. A readout error now
may occur when the upstream qubit is also in the |0) state but our measurement device
records a 1 instead of the correct 0. This is clearly problematic as we have misidentified
the state of the downstream qubit and decide to perform an incorrect operation on it.

A projection error on the other hand occurs when the state of the upstream qubit
is incorrectly projected due to the energy introduced to the system through the mea-
surement process, i.e., although the joint state collapsed into the |00) state, the energy
transferred onto the upstream qubit during measurement causes it to flip and end up
in the |1) state instead. That is, a projection error leads to the “impossible” outcome
|10) for the qubit pair. Even under correct readout, this too would lead to a misiden-
tification of the downstream qubit and an erroneous computation due to the resulting
wrong computational decision.

In practice, the two errors have very different behavior as can be seen consider-
ing a qubit in the state |0) and performing repeated projective measurements on it.
A readout error maintains the underlying state |0), i.e., a small readout error chance
would lead to a measurement outcome sequence similar to 0,...,0,1,0,...,0. Mean-
while a projection error changes the underlying state. A small projection error chance
in repeated measurements therefore leads to a measurement outcome sequence similar
to0,...,0,1,...,1.

As such, separating the two errors in standard quantum computing setups is not
necessary because both have the effect of shifting the measurement distribution of
repeated runs in the same way and can therefore be mitigated via post-processing
in the same way. However, in OWQC we need to correctly identify the state of
each individual downstream qubit, thus preventing post-processing-based mitigation
approaches. Importantly, hardware design approaches that allow for separation of pro-
jection and readout error (e.g., [71-74]) are beneficial for reducing error mitigation
overheads in OWQC.

To further clarify the separation of projection and readout error, suppose that a
qubit is in the state |¢) = a/|0) + §]1). We will obtain the following probabilities for
a single-qubit computational basis measurement if no errors are present:

projected || recorded O | recorded 1
10) |of? 0
1) 0 Elk

This table changes as follows if we consider now projection errors to occur.



projected recorded 0 recorded 1
0) poola*+po.|B[° 0
1) 0 pL1lBP+p1olal?

Here, po o (and p1,1) represent the success probabilities that the qubit which is initially
in state |0) (and |1)) is also projected into state |0) (and |1}). If the outcomes of these
measurements can additionally fail to be recorded correctly with probabilities 1o ; and
T1,0, we arrive at the following table.

projected recorded 0 recorded 1
0) r0,0(Po.0lal*4+po.1l817) | r10(po.olal*+po1lB]?)
1) ro.1(p1alBP+prolal?) | ria(pralBP+piolal?)

Similarly, 79,0 and r; 1 represent the success probabilities that the state is recorded to
be in the same state that it was also projected to.

For this work, we will assume that all considered error probabilities p—y p, 7 5 are
sufficiently small such that measurements are statistically different from fair coin flips.

4 Compensating readout errors

For the compensation of the readout errors, we will assume that the qubit has already
been projected into its final state and that it can be read out without any further
projections?. Separating readout from projective measurements can be achieved with
hardware designs that limit measurement backactions such as proposed in [71] or via
non-demolition schemes [72]. In this case the remaining probabilities will be ry 3, that
a qubit in state |b) is identified as being in state |b’).

N successive readouts of a qubit in state |b) yield a binomial outcome distribution
with probability P(N, k) of k correctly recorded results,

N _
P(N, k) = <k>rf7brivbybk, (1)

if the readout errors are statistically independent and identically distributed. Assuming
k correct and N — k incorrect readouts, we employ a voting protocol to decide which
readout is correct. In other words, if there are n readouts of a qubit in the state |0)
and N — n readouts in the state |1), then we decide that the qubit is in state |0)
if n > N —n. In order to have a clearly defined result from voting, it is therefore
necessary that NV is an odd number.

2The mitigation of projection errors will be discussed afterwards in the next section.
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Fig. 2: Probability of misidentification e using a voting protocol of N readouts from
Eq. (2) in dependence of the (individual) readout error r—;; € [1074,0.5]. The solid
black lines show the polynomial approximation of ¢ as shown in Eq. (A1).

The probability of misidentification given N successive readouts is then given by
the probability of having at most | N/2| correct readouts

¢ :=prob(misidentification)

[N/2]
B kz:;) (JID T @)
:Irﬁb,b(N - |_N/2Ja 1+ |_N/2J)

where I,(a,b) = Flzg‘g'lté)g) Jo t7H(1 — t)>7dt denotes the regularized incomplete
beta function. Fig. 2 shows this misidentification probability for different number of
readouts IV in dependence of the readout error r—p .

Fig. 2 shows the potential improvements of implementing this voting protocol over

a large range of (base) readout errors r— . In particular, for realistic error rates of no

10
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Fig. 3: Panel (a): Minimum number of readouts N required to achieve a given
probability of misidentification € obtained by solving Eq. (2) for N using multiple
(individual) readout error rates r—, 3 € [0.01,0.1]. The approximations are calculated
via Eq. (4) and rounded to the next higher odd number. Panel (b): Difference in N
obtained by using Eq. (2) and Eq. (4) in dependence of r—;; at the jump positions of
N(e) (cf. panel (a)).

more than 5% and N < 25, the polynomial approximation

I.(a,b) zm /Om t2 1 — )b dt
CT(a+b) [T v b1\,
~taray J, © 2 ()

Jj=0

CT(a+b) = (b-1\, ah
‘r<a>r<b)§< IS
I'(a+0b)

_ xa xa+1
= T@re” ToE)

<

seems to be useful for at least order of magnitude estimates.

Of course, in general we are interested in predicting the value of N given an
expected probability of misidentification €. This dependence of N on ¢ within the
polynomial approximation is shown in Eq. (4) and Fig. 3a:

In(4r-,
_W(_%) 1 (4)
111(47'_,571,) ’
where W denotes the Lambert W function. The derivation of Eq. (4) is presented in
the appendix. Since Eq. (4) is a continuous function, we have to round its value to the

N(e) =

11



next higher odd number,

N(E) o {[N(e)] if [N(e)] is odd
[N(e)]+1 else

As can be seen from Fig. 3b, the jumps of N from one odd number to the next
occur at higher € for the approximation in Eq. (4) than for the iterative calculation.
This means that we predict slightly higher N with our approximation than actually
required, within a certain region of the actual jump positions. This region gets larger
for larger error rates r—p ;. This may be caused by the increasing deviation of the
polynomial approximation from the actual regularized incomplete beta function for
higher measurement errors.

5 Mitigating projection errors in a OWQC with
error-free CNOT operations

As shown in Section 4, readout errors can be mitigated effectively via repeated read-
outs, if the readout procedure is separated from the projective measurements. Due to
the fact that projection errors can change the underlying state of the qubit on repeated
measurements, such a voting protocol based on measurement repetition is not possible
for the projection errors. Thus, the voting protocol needs to be implemented through
a larger verification qubit register and each qubit is only projected once. Hence, if no
separation of readout and projection is possible, then the readout error r—; can be
absorbed into the projection error p—;; forming a combined measurement error. Such
a combined error can be treated similarly to a pure projection error in our mitiga-
tion method. The implementation of a verification register to mitigate projection or
combined measurement errors via majority voting will be discussed in the following.

On the lowest level of a one-way quantum computation (OWQC), we are working
with graph states of two qubits which are in the state

[V)pe = CZ |++) = |a) @ HR* (o) |[+) + |—o) ® XHR* (o) |+) . (5)

The qubit in the state |+c«) is the target T for the projective measurement in the
|£a)-basis and the second qubit is used further in the quantum computation. This
continuation qubit C' needs to be in the state HR*(«) |[+) which implies that a mea-
surement of 7' in |—«) requires an additional X-gate operation. Hence, we need to
reliably identify the state that qubit C' was projected into, due to the measurement
on qubit T. Without projection errors, qubit 7" would be in the state |b) € {|ta)}
after the measurement, and the X-gate on qubit C' needs to be inserted if and only if
|b) = |—«). However, with projection errors, there are probabilities of projecting into
the false states |a) @ X HR*(a) |[+) which needs an application of X even though qubit
T is in the |a) state, and |—a) ® HR?(a)|+) which does not need an application of
X even though qubit T is in the |—«) state. Hence, we cannot identify the state of
qubit C' by only looking at qubit T" after the measurement has taken place.

12



Instead, we introduce a verification register V', which is initialized in the state
|0...0). Before the measurement of target T', we have to initialize the graph state and
the verification register V in the state:

V) roy =) @ HR* () |+) ® kiad

6

+|-a) ® XHR* (o) [+) ® |[-a) V. ©
Therefore, we have to first rotate qubit T back into the computational basis {|0), |1)}.
This is achieved by the unitary HR?(«). Next, we will entangle qubit 7" with the
whole verification register V' by applying CNOTs between qubit T" and all qubits in
V. Finally, we rotate all qubits (7" and V') back to the measurement basis {|£a)}, this
is achieved by applying R*(—«)H to all qubits. The whole unitary to initialize T+ V'
in the desired state is thus given by

(R* (=) H)7(R* (=) H)y CNOT(T, V)(H R* (), (7)

from which we obtain the desired state in Eq. (6). Note that an essential part of the
state preparation in Eq. (7) is the generation of a GHZ state between qubit 7' and
the verification qubits in register V., CNOT(T, V)Hy. This is a challenging task on
superconducting qubit hardware [78, 79]. For other physical platforms such as ion
traps or neutral atoms, promising, very efficient protocols have been proposed by
employing global Z Z-interaction gates [80, 81]. Using those protocols, the preparation
of the entangled state between qubit T and register V' in our mitigation method may
therefore also be implemented with fewer operations and higher fidelities on such
machines. This could suppress error propagation of repeated CNOT gates and reduce
overall execution time.

After the projective measurement of qubit 7', the verification register is then in the
state \a>®#v or |—a>®#v and we need to apply an X gate to qubit C if and only if the
verification state is |—a>®#v. We proceed with measuring each verification qubit in the
|£a)-basis, where again projection errors might happen. Note that if the measurements
in the rotated basis are implemented via rotating the qubits into the computational
basis and then performing computational basis measurements, we can simplify the
unitary of Eq. (7) and integrate it into the measurement process. In this case we
simply need to apply CNOT(T, V) before the computational basis measurements of
qubit T and the register V. In order to determine the state of qubit C' after all
measurements, we apply a majority voting protocol to the measurement outcomes of
qubit T" and register V. The remaining misidentification probability for this protocol
is thereby similar to Eq. (2) if we translate N to the number of measured qubits, i.e.,
N = #V + 1. The readout error is translated to the projection error or combined
measurement error. We will use the notation m-; 5 to denote the measurement error of
the qubits in the following. This error can either be associated with a pure projection
error or a combined measurement error. Note that the proposed method can also be
easily extended to multi-qubit measurements, if the measurements are implemented
via unitary basis changes followed by single-qubit measurements. In this setup every
single-qubit measurement can be mitigated as described above. An interesting future
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direction would, however, be the theoretical analysis of the misidentification rate of
our method if we consider correlated measurement errors.

6 Considering CNOT errors in the verification scheme

For simplicity, we will consider pure-state preserving errors. If the CNOT-gate were
error-free, then CNOT |4+)®]0) = %(|0>®\0)+|1>®|1>) =|®*) and CNOT |-)®|0) =
%(|O> ®0) — 1) ® [1)) = |@~) should hold. However, if the CNOT has an error rate
7YoF ¢+, then the final state of the verification qubit is

V1I—"vo- o+ |2)" + Ve ot [27)

or
V1=t 0~ [27) + et e [27).

Either way, there is a probability « that the qubits are not correctly entangled. For the
entanglement between the verification register and the OWQC qubit, we thus obtain
an accumulated error rate vy that a verification qubit is in the wrong state before its
measurement. If we add the measurement error m—;; for projection (and readout),
then there is a probability of (1 —m—p)(1 —7) + m—pp¥ =1 — mpp — 5 + 2m_p
that the state is verified correctly and a probability of (1 —m—p )y +m-pp(l —7) =
M-pp + 7 — 2m—p 7y that the state is incorrectly identified.

For a linear CNOT setup, where a CNOT gate is applied between each verification
qubit and the target qubit (cf. Fig. 4a), the first-order approximation for the accu-
mulated error in the small-y regime is ¥ &~ (N — 1) because the CNOT error can
also influence the target qubit T in each application. In this case, we are again in the
same protocol as the projection-free readout, but we have the larger effective error
rate m—pp + (N — 1)y — 2m—p 5(N — 1)7.

If we use a log-depth verification setup (cf. Fig. 4b), that is, populating the
verification register according to the following S = log N steps

1: CNOT(T, V1)
2: CNOT(T, ‘/Q)CNOT(Vl, Vg)

S: CNOT(T, Vas 1) [T2, ~ CNOT(V}, Vas-1 )

then we have accumulating effects of the error v to a maximum depth of log N. Fig. 4
shows a circuit diagram example for the linear and the log-depth protocol.
If we model our erroneous CNOT via the action of

CNOT = (1 SRS ) —14T
Yoo+ 1 — 7o+ 0-
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Fig. 4: Circuit diagram examples of the linear (panel (a)) and the log-depth (panel
(b)) CNOT entangling protocol between a OWQC target qubit 7" and a verification
register V.

in propagating the error, then we have depth errors of

k
CNOTE =(1+T)F =3 (’;) i,
=0

Remark 1 It should be noted that the CNOT error modelled via I' here is more general than
the pure-state error channel used above to obtain the form of I'. " describes an effective
transition matrix where each |®T) state remains in |®%) with probability 1 — Yo e+ and
maps to the other state with probability v+ ¢+. Importantly, non-coherent error channels
can be incorporated into I' as well. For example, a depolarizing channel of strength A can
be considered as a probability A for the states \Cbi> to be mapped to an equal probability of

) . -1 1
either outcome, i.e., I' = % ( 1 _1)-

The error propagation depends on the operator norm (spectral norm) ||T'|| =
Yo- + + Yo+ .o- of I. If ||| is reasonably small, say in the 1% range, then ||T?| is
in the 0.1%o range, and so realistically, the first-order propagated error to depth k is
approximately

CNOT* ~1+kT.

and
v~ k.
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For the linear protocol we get a maximum accumulation depth of k = N — 1 and
for the log-depth protocol we get k = logy N. In other words, a starting error of about
1% with a size 64 register leads to an effective maximum error of about 6% for the log-
depth protocol. The remaining misidentification probability is then £ ~ 2.53 - 10723
according to Eq. (2). Thus, choosing a log-depth verification setup with register size
#V and N = #V + 1, the effective error becomes

’l’h_\b’b = M-pb + (1 — 2mﬁb7b)(log2 N)’y, (8)
and the probability of misidentification becomes

€=1In,,(N—[N/2],1+|N/2]). 9)

Note that the register size and the effective error rate are now coupled according

to Eq. (8). This means that for a given initial error rate m—p; and a given CNOT

error +, the effective error depends on the register size. In order to thus plot e(m—p ),

N will not necessarily be an integer and we will use an upper bound estimate for

Iy, (N—|N/2],14-[ N/2]) which avoids any floor function and allows for non-integer
N. This estimate is given by

Eest :Im_.b,b(N/Q, 1+ N/Q)

>In, (N — [N/2],1+ | N/2]) = . (10

o

Additionally, CNOT errors acting on one qubit can propagate to all its entanglement
partners and thus lead to correlated effective errors. This means that modeling the
misidentification probability based on a binomial outcome distribution of the mea-
surements (cf. Sec. 4 and Eq. (9)) is no longer accurate. The resulting regularized
incomplete beta function Iy,_, ,(N — | N/2],1 + [N/2]) thus only approximates the
misidentification probability e if the correlations between the effective measurement
errors remain small.

Fig. 5 shows the estimate of the misidentification probability e.s in dependence
of the effective error rate m—p from Eq. (10). The function is plotted for different
CNOT errors «. Even for small values, e.g., v = 0.01, we see that the misidentification
probability can jump to 1.0 if the effective error reaches 50%. The protocol thus fails
for effective errors m—pp > 50%, i.e., for too large register sizes. For small effective
errors, a small CNOT error v yields an immediate improvement (cf. (III) in Fig. 6).
Midsize CNOT errors can result in an initial worsening before an improvement is
achieved for larger register sizes (cf. (II) in Fig. 6). Large CNOT errors will yield no
improvement at all (cf. (I) in Fig. 6). By iteratively calculating en—3 — enx=1 and
€Nnel1,1001] —EN=1 for different  values and a fixed initial error rate m—y; (cf. Eq. (9)),
we can extract the critical v values that separate the three regimes as shown in Fig. 6.
Initial improvement is thereby defined as

En=3 —EN=1 <0 (initial improvement), (11)
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Fig. 5: Estimate of the misidentification probability ees¢ from Eq. (10) in
dependence of an effective error m—pp = m-pp + (1 — 2m—p ) (logy N)~y for different
CNOT error rates . The initial error rate is set to m—p 3 = 0.01. The blue circle,
orange square, green triangle and red diamond markers indicate the resulting eqg for
N =[3,5,7] and the corresponding ~.

and any improvement is defined as
Enef1,1001] — EnN=1 <0 (any improvement). (12)

_ Note that additional single-qubit gate errors during the preparation of the state
|Y) roy in Eq. (6) from the initial graph state can also be incorporated into the error
rate 7.

7 Simulation and Hardware Results

In this section, we want to illustrate how the proposed verification scheme behaves for
the elementary compute step of a OWQC, implementing the gate H R*(a) acting on
|[+) (cf. Sec. 5). For this, we first classically simulate the OWQC with our verification
scheme, considering only projection errors as discussed above and no readout errors.
This means we assume that projection and readout can be separated in this case.
The verification scheme to compensate the projection errors leads to a similar voting
protocol as for the readout errors with the same predicted probability of misidenti-
fication (cf. Eq. (2)). Overall, the simulations are in very good agreement with the
theoretical predictions as shown in Fig. 7. We tested the verification scheme for differ-
ent register sizes, ranging from N = 3 to N = 7 qubits and different projection error
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Fig. 6: Critical CNOT errors v which separate the regimes of initial improvement
(I1T) (cf. Eq. (11)), initial worsening but then improvement (II) (cf. Eq. (12)) and no
improvement (I) in the misidentification probability e, shown in Fig. 5, in dependence
of the initial error rate m-p . The solid blue line shows the critical v which separates
the initial improvement (III) from the initial worsening but then improvement
regime (IT). The dashed purple line shows the critical v which separates the initial
worsening but then improvement regime (II) from the no improvement regime (I).

probabilities, ranging from 0% to 5% error for any qubit projection. Additionally, we
also tested our mitigation scheme on the IBM quantum hardware IBM_BRUSSELS. In
this case, projection and readout cannot be separated and we therefore have to miti-
gate the combined error with our verification scheme. We implemented the generation
of the state from Eq. (6) followed by the measurements of the OWQC qubit and the
verification register V' in a quantum circuit using Qiskit (cf. Fig. 8). Note that this
implementation represents the elementary compute step in every OWQC. By applying
the verification scheme at every step of the ongoing OWQC, we can mitigate measure-
ment errors in real-time. In the ideal case, without any errors, both outcomes for the
measured OWQC qubit (owqcg in Fig. 8) are equally probable, Pr(0) = Pr(1) = 0.5,
independent of the rotation angle o. Measurement errors will shift this outcome dis-
tribution towards a higher probability of measuring 0 or measuring 1. Our mitigation
scheme should thus shift the erroneous outcome distribution back towards the ideal
distribution. We calculated the relative error n of the measured (erroneous) outcome
distribution Pry,eqs(0), Priseqs(1) compared to the ideal outcome,

~ |Prieas(0) — 0.5 [Pripeqs(1) — 0.5]
o 0.5 B 0.5 '

(13)
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Fig. 7: Mean misidentification rate £ of the OWQC shown in Eq. (6) in dependence
of the projection error probability p—p; of the single-qubit measurement. The
OWQC was executed 10000 times for each error rate. The misidentification rate was
calculated for 10 different batches, each containing 1000 runs, and afterwards
averaged over those 10 batches. The different markers show the results for different
sizes of the verification register, together with their standard error of the mean for
the batch average. The different lines show the corresponding theoretical predictions
using Eq. (2). A misidentification corresponds to a resulting state after measurement
with less than 50% overlap with the desired state.

We expect that this error will decrease for increasing verification register size. This
expectation is confirmed by the obtained hardware results as presented in Fig. 9. We
observe that the relative error is almost halved for each increase in the verification
register size.

8 Conclusion

We first introduced a measurement error model that, in contrast to most previous
works, makes a clear distinction between errors that occur through the readout appa-
ratus after projecting the qubit during the measurement (readout error) and the actual
projection error that occurs during the projection. Note that for cases where those
two error sources are not clearly separable, we can treat the combined measurement
error similarly to a pure projection error in our model and still apply our mitigation
method. We then discussed the compensation of the readout error through a voting
protocol in great detail and gave theoretical predictions on the number of consecutive
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Fig. 8: Qiskit circuits executed on the IBM quantum hardware IBM_BRUSSELS.
Panel (a): The upper circuit contains the circuit representation of the graph state
generation shown in Eq. (5) followed by a measurement on the qubit owgcy in the
rotated basis {|£«)}. The two parts are separated by a barrier in the circuit. Panel
(b): The middle circuit is the extension of the upper circuit by using additionally the
proposed mitigation scheme with two verification qubits. Panel (c): The lower circuit
is the extension of the upper circuit by using additionally the proposed mitigation
scheme with four verification qubits and including the error propagation as it
appears in the log-depth implementation.

readouts for given error rates and its resulting probability to misidentify the post-
measurement state, which vanishes quickly with small effort in terms of the readout
number. Next, we discussed the compensation of projection errors or inseparable, com-
bined measurement errors (readout + projection), by using a register of verification
qubits that are entangled with the next to-be-measured qubit in the OWQC. Measur-
ing the to-be-measured qubit as well as all verification qubits then allows us to apply
a similar voting protocol as for the readout errors on the measurement outcomes. The
derived theoretical predictions are the same, simply replacing the readout error with
the projection error or combined measurement error and the number of readouts with
the number of measured qubits. Note that, by re-using the verification qubits after
each measurement, we require only a constant number of verification qubits depending
on the measurement error rates. Finally, we showed in proof-of-principle simulations
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N

Fig. 9: Relative error n (cf. Eq. (13)) of the circuits shown in Fig. 8, which have
been executed on IBM_BRUSSELS. The obtained outcome distributions have been
averaged over 8 different circuit instances of Fig. 8, corresponding to 8 randomly
chosen rotation angles a € [0, 27). Each circuit was executed with 10000 shots. The
total number of measured qubits N includes the to-be-measured qubit of the initial
computation and all verification qubits. The unmitigated measurement error of the
to-be-measured qubit (baseline error) is thus shown as N =1 in the plot.

and experiments executed on real IBM quantum hardware IBM_BRUSSELS, that our
method works very well and can be used to mitigate measurement errors in real-time
during a OWQC.

A future next step could be the extension of these proof-of-principle experiments
to the implementation of more complex (multi-qubit) logical gates and small algo-
rithms as OWQCs and applying our mitigation protocol in those computations. Here,
a benchmark among different random logical unitaries might be valuable to assess the
general performance.

Further, our analysis assumes that the measurement errors of the target qubit
T and the verification qubits in V' are statistically independent, which is what lets
the misidentification probability of Eq. (2) decrease so rapidly with N. In realistic
implementations this holds only approximately, due to correlated measurement errors
between the entangled qubits. Under such conditions the outcome distribution is no
longer a binomial distribution (cf. Eq. (1)) and Eq. (2) is no longer valid. A quantitative
analysis of the misidentification probability with correlated measurement errors is left
for future work.
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Appendix A Derivation of N (&) in the polynomial
approximation

The dependence of N on € is shown in Eq. (4) in the main text. In the following, a
detailed derivation of this equation is presented.

The regularized incomplete beta function from Eq. (2), modelling the misidentifi-
cation probability, can be written in the polynomial approximation shown in Eq. (3)
as:

N N
et (2] 4[]
N I'(N+1) N-|¥]
TR - e D
N e[y Ay
v - DD
N

Assuming that N is an odd number, since the voting protocol would be indefinite
otherwise, we can write the floor function |N/2] as:

N| _ N-1
2| Nisodd 2

The binomial coefficient in Eq. (A1) can thus be simplified as follows, using Stirling’s
approximation for factorials n! ~ v2mn(n/e)™:

( N ) N! N!
W= | = N-1)N+1| ~ Ni1p2 2
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This yields a compact approximation for the misidentification probability:

N+41
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T (N D)

In order to invert this function (V) for a given fixed r—p;, and thus find N () we can
use the Lambert W-function. This function is defined as the inverse of ye¥,

(A2)

1
ye! =z & W(z)=y VYy,zeR, z>—-.
e

First, we will rewrite Eq. (A2) in the form

(2m)~le™? = (N + )R-+,
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with R = 4r—; 3. Next, we apply R* = e* In(R) and find the required form to use the
Lambert W-function

In(R) _ —(N+1) In(R)
e (N +1)In(R)e
“W(—5)
:N(e)zﬁ—l (A3)

Note that the argument of the Lambert W (z) has to fulfill z > —1/e. Since z = —1/e
is the global minimum of z = ye¥. This is fulfilled for any € if r—;; < 0.25,

IH(R) = 1n(47:b,b) <0<« T-b,b < 0.25.

For higher measurement errors, the polynomial approximation of the regularized
incomplete beta function deviates significantly from the exact function. In this case,
other methods to extract the required N for a given € can be employed, e.g., iteratively
calculating € from I,._, , (N — | N/2],1+ | N/2]) while increasing N.

Appendix B Detailed discussion of the . regimes

As already discussed in the main text, Fig. 5 and Fig. 6 show three regimes for gq¢ in
dependence of the CNOT error ~:

® Immediate improvement when we increase N
® Initial worsening, then improvement when we increase [N
® No improvement at all when we increase N

In this section, we will discuss the different regimes in more detail. Fig. Bla shows
the change in the misidentification probability € from N =1 (no verification register)
to N = 3 in dependence of the initial error rate m-_;; and the CNOT error 7 (cf.
Eq. (9)). In the case that « is too large, N needs to be sufficiently large as we will not
see an initial improvement for small N. The critical threshold ~..i which separates
initial improvement en—3 — ey—1 < 0, from initial worsening eny—3 — eny—1 > 0 is
shown in Fig. B1lb as a function of the initial error rate m-; 4. If the CNOT error v
is less than 7., we are in the region of immediate improvement and otherwise we
get an initial worsening of the misidentification probability. To answer the question of
which N gives the lowest misidentification probability ¢ for a given initial error m—p 4
and a given CNOT error 7, we calculated this best N iteratively from Eq. (9) and
plotted it as a function of m—;; and 7y in Fig. B2. The plot shows that for realistic
CNOT errors v < 5%, a bigger N is (within reasonable limits) better once the initial
worsening is overcome for any initial errors m-;; < 0.2. If the CNOT error is higher
than 5%, there exists a transition region depending on the initial error rate m-y, for
which there is an optimal 1 < N < 101 corresponding to the minimal €. For errors ~y
and m-p beyond this transition region, larger N do not yield a smaller € compared
to N = 1 and thus yield no improvement. Similar to the best N with the smallest
misidentification probability € in Fig. B2, we plotted the N < 101 which gives a first
improvement in € compared to N = 1 in Fig. B3. We see that there exists a large
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Fig. B1: Panel (a): Heatmap of the change in € from N =1to N =3, ey=3 —en=1,
in dependence of the initial error rate m—;; and the CNOT error +. Panel (b): The
solid blue lines show the critical threshold 7.+ which separates initial improvement
en=3 —en=1 < 0, from initial worsening ey—3 —ey—=1 > 0 in panel (a) as a function
of the initial error rate m-; ;. The dotted black line shows verit = M- 5.
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Fig. B2: Heatmap of the N € [1,101] which results in the smallest € in dependence
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region of immediate improvement, a small transition region where N ~ 10 is required
for improvements and then a fairly immediate jump to no improvements at all if ~
becomes too large.
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