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Abstract A representation of Lattice Gauge Theories
(LGT) suitable for simulations with tensor network state
methods or with quantum computers requires a truncation
of the Hilbert space to a finite dimensional approximation.
In particular for U(1) LGTs, several such truncation schemes
are known, which we compare with each other using tensor
network states. We show that a functional basis obtained from
single plaquette Hamiltonians — which we call plaquette state
basis — outperforms the other schemes in two spatial dimen-
sions for plaquette, ground state energy and mass gap, as it
is delivering accurate results for a wide range of coupling
strengths with a minimal number of basis states. We also
show that this functional basis can be efficiently used in three
spatial dimensions. Green’s function Monte Carlo appears to
be a highly useful tool to verify tensor network states results,
which deserves further investigation in the future.

1 Introduction

Hamiltonian formulations of lattice gauge theories (LGTs)
offer promising avenues to address previously intractable
challenges, such as real-time evolution and finite density
simulations in strongly coupled quantum chromodynamics.
The rapid advancements in quantum computing (QC) hard-
ware [1] and tensor network (TN) algorithms [2] indicate that
these goals may soon be achievable.
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A priori, the standard Kogut-Susskind Hamiltonian [3]
acts on an infinite dimensional Hilbert space. More specifi-
cally, each individual gauge link is already infinite dimen-
sional. Physical quantum hardware as well as tensor net-
works require a projection of this space onto finite available
resources. Thus, in order to investigate lattice gauge theo-
ries in the Hamiltonian formalism, the Hilbert space of a
gauge link needs to be digitised. In other words, a discrete
basis needs to be devised such that its truncation efficiently
approximates the eigenstates of the Hamiltonian in the target,
infinite dimensional Hilbert space.

Finding such a basis is complicated by Gauss law require-
ments and the involved interplay between the kinetic (or elec-
tric) and the potential (or magnetic) part of the Hamiltonian:
the former dominates for large coupling, the latter for small
coupling. In consequence, for large coupling it is efficient to
work in an eigenbasis of the momentum operators and apply a
cut-off at a certain momentum value. This approach yields the
electric basis or, more generally, the Clebsch-Gordan expan-
sion [4]. For small coupling, on the other hand, there exists an
efficient magnetic basis in Abelian U(1) gauge theories [5,6],
but there is nothing equivalent know for non-Abelian SU(N)
gauge theories.

Rather than considering the extreme regimes of the Hamil-
tonian, one can also choose to discretise the gauge group
manifold itself [7-9]. This ansatz is equivalent to choosing a
maximally localised functional basis, that is a finite number
of Dirac § functions. Of course, other functional bases can,
in principle, be valid as well.
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Using ideas from Ref. [10] and Ref. [11], we have devel-
oped! a functional basis that interpolates smoothly between
both regimes. The form of the functional basis used in this
paper was first published as a preprint in September 2024 in
Ref. [13]. Itis obtained using the eigenstates of the single pla-
quette Hamiltonian as a basis. Here, we present the explicit
results for U(1) and SU(2), but the concept generalises eas-
ily to other gauge groups. While completing this work, we
learned at a workshop at ECT* [14] of the work published
now as a preprint in Ref. [15], with similar developments to
ours in U(1). Consistently with the observations in Ref. [15],
we find the single plaquette basis to be very efficient not only
in the small coupling limit. In our U(1) and SU(2) simula-
tions, the proposed basis allowed us to work with system
sizes significantly larger than previously feasible in tensor
network simulations. Even three spatial dimensions can be
approached.

In this work, we present an overview over the differ-
ent bases. We benchmark them for multiple system sizes
and a vast range of coupling strengths using tensor network
states. The results are verified using exact diagonalisation
and Green’s function Monte Carlo whenever possible. In
addition to the ground state energy and plaquette expecta-
tion value, we in particular compute the mass gap for a wide
range of coupling-values, providing a considerably less for-
giving stress test.

These developments pave the way towards a much more
faithful treatment of gauge fields in tensor network or quan-
tum computing simulations, and eventually in first applica-
tions like e.g. Refs. [16-21].

The rest of this paper is structured as follows: In Sect. 2, we
introduce the Hamiltonian formulation of lattice gauge the-
ories. Then the different digitisation schemes are introduced
first for U(1) in Sect.3 and then for SU(2) in Sect.4. Our
results are presented in Sect.5 and we conclude in Sect. 6.

2 Theory

The Hamiltonian formulation of lattice gauge theories was
first proposed by Kogut and Susskind in 1974 [3]. Similar
to Wilson’s famous Lagrangian formulation [22] it is also
defined on a cubical lattice. Contrary its Lagrangian counter-
part, only the spatial dimensions are discretised, while time
is kept continuous. The gauge degrees of freedom are imple-
mented as links connecting the spatial lattice sites. Each link
is classically described by a colour matrix U, typically in the
fundamental representation of the gauge group G.

! The fundamental idea was first publicly presented in August 2024 at
Lattice 2024 at The University of Liverpool [12], Liverpool, UK.
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Quantum states of the system are described by a many
body wave function
¥ (oo, Usp, ... ) s GNinks (1
assigning a complex probability amplitude to every classical
configuration {UX, k} of the gauge links. Directions and posi-

tions of each link are labelled by coordinate x and direction
k.

2.1 Operators

We begin by defining the position and momentum opera-
tors of the theory. Similar to regular quantum mechanics the
position or link operators modify the wave function, by mul-
tiplication with the respective gauge degree of freedom. More
precisely

U = U ¥ (oo, Uiy -+ ) 2)

From this the plaquette operator can be constructed. It is
defined as
Pii=Ue U - U . U 3)
x4 BEExtal ] U xpaji X

and can be understood as the oriented loop around a fun-
damental square of the lattice in the i j plane, starting and
ending at position X.

The momentum operators take the shape of Lie derivatives

on the gauge group. In non-Abelian gauge groups there are
left and right momentum operators Ly ; and R{ ; defined as

A . d e

LoV =—1@w<...,e ip Ux’k,...)|ﬁ:0 )
and

RS ¥ _—iil/f< Uy e Pt | 5)
X,k - d,B <. Uxk e B=0 -

Here 7. denote the generators of the Lie algebra in colour
space. In a U(1) Abelian gauge group one has L=R.

Similar to quantum mechanics, the link and momentum
operators are characterised by their commutation relations.
These are given as

[I:;,i’ 0}’-,]'] = _‘Sxy (Sij Ie 0x,i ) (6)
(RS ;. Uy.j] = 8xy8ij Ux.ite. (7)

For non-Abelian gauge groups the momentum operators
also have non-trivial commutation relations with each other.
These read

(L%, LY 1 =1 fabe Sxy 8ij L ®)

X,i°
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[RY ;o Ry 1 =1 fabe Oxy 8ij R . ©)

X,i°

Here f,, are the structure constants of the gauge group. The
commutator of left and right momentum operators vanishes.

2.2 The Hamiltonian

With these operators we can now define the Kogut-Susskind
Hamiltonian. It reads

2 ~.\2 N .
%Z( ;,k) +g—2 ZTI[]I_RGPX’U]'

x,c,k X, j<i

A

(10)

Here N is the degree or number of colours of the unitary
gauge group G. Note that the prefactor in front of the second
(magnetic) term is a convention, with many different choices
found across the literature.

The physical Hilbert space of the theory is further
restricted by a constraint referred to as Gauss’s law. It states
that any physical state |) needs to satisfy

Gelw) =Y (s + R ) w) =0. (11)

k

It implements local colour charge conservation at each vertex
in the lattice.

The first term of the Hamiltonian is commonly referred to
as the electric term. It contains a sum of Laplace-Beltrami
operators Y C(ﬁc)z applied to each gauge degree of freedom
of the theory. It is therefore similar to the kinetic term in a
many particle Hamiltonian in quantum mechanics. The sec-
ond term is referred to as the magnetic term. It contains the
sum over all plaquettes and thus implements a four particle
nearest neighbour interaction.

At small values of the coupling g2 the latter interaction
dominates the dynamics of the theory and leads to strong
entanglement between the four links of each plaquette. This
entanglement makes efficient numerical simulations in this
region extremely difficult. As the interaction does not con-
strain the wave function of any individual gauge link, naive
simulations that digitise in terms of single links basis, intro-
duce non-localities in the electric Hamiltonian, and in turn a
diverging basis sizes for g> — 0 to produce accurate results.

2.3 Dual formulation

One strategy to address the non-localities discussed above
is to reparametrise the Hamiltonian, such that the magnetic
term becomes local. For U(1) such formulations exist and
are commonly used [5,23,24]. In the following we will go
with the rotor formulation presented in [5]. Its Hamiltonian
is given by

L QD
O

Fig. 1 Sketch of the 3 x 3 system in the original formulation on the
left and the dual formulation on the right

Haual = % > (ix- imi)z + ﬁ Y(e-ox-0l). a2

X,1

After this reparametrization no Gauss law constraint is
needed.

In the case of non-Abelian gauge groups the situation
is less clear. While candidates for dual Hamiltonians exist
[10,13], they typically lead to long range electric interac-
tions. These are problematic for some of the novel simulation
methods proposed for Hamiltonian lattice gauge theories.
In quantum computers such terms would lead to a higher
demand in terms of swap gates, and tensor network meth-
ods typically work most efficiently with nearest neighbour
Hamiltonians. At the time of writing it is unclear, whether
a dual formulation with only local electric interaction exists
for the non-Abelian case.

In the following we will run our non-Abelian tests on a 3 x
3 lattice with open boundary conditions. This system can be
reparametrised in terms of four plaquette degrees of freedom
anchored at the central vertex (see Fig. 1). Dynamics on the
eight remaining string degrees of freedom are prohibited by
Gauss law. The resulting Hamiltonian reads

A 43, 3
H3x3=2gzzZ<Lf) +¢7 )
i=1c=1 c=1

4
(£ §+L§L§+R;R§+R§R3)+g—2§ T [1- 0]

i=1

13)
The one remaining Gauss law constraint reads
4
Gy =Y (L5 + &) 1) =o. (14)

i=1

In our simulations we will enforce it via the addition of a
penalty term

. N2
Hpenalty =K Z (Gc> (15)
c
where « is a large positive real number.

@ Springer
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3 Digitisation Approaches for U(1)

To run numerical simulations of the theory we need to first
digitise the Hilbert space of functions

Y GNins — C (16)

where G is the gauge group of the theory. To do so we begin
with a local basis ¢,, for the space of functions

v: G—C (17)

Then one can take products of these functions to obtain a
basis of the full subspace

Niinks

1) = [ én (18)
i=1

In the following we will present several choices for these
basis functions for U(1) and SU(2). Then we will test them
in numerical simulations.

We begin with U(1). To give explicit forms of the single
link basis states first we introduce a parametrisation of the

group:
Up) =¢'?, ¢e(—m,nl. (19)

The electric operator takes the shape of
Lg)=—i—. (20)

3.1 Electric basis operators

The most common choice of basis functions is given by

~

1 .
¢gil((p) = _elm(ﬂ )

o meZ. @21)

In this basis the electric operator is diagonal
<m| L|l’l> =m 8m,nv (22)

hence it’s called the electric basis. The link operator takes
the shape of a ladder operator:

(m|Uln) = 6mnt1 (23)

To obtain finite operators one truncates by only considering
states for which |m| < mpax. This will then give operators
of dimension dop = 2mMmax + 1.

As the electric basis functions are the low-lying eigen-
states of the electric Hamiltonian they perform very well at
large values of the coupling g2. In the limit g — 0, i.e. the

@ Springer

continuum limit of the theory, an ever-increasing number of
states is needed to achieve accurate results.

3.2 Magnetic basis operators

One way to address this are the magnetic basis operators
proposed in [6]. Here first the link operators are modified to
be the ones of a Z5¢41 subgroup of U(1):

— 1=¢
Uln) > tpmy = |~ "L 4)
|m 4+ 1) otherwise

Then one can define a discrete Fourier-transform in the form
of

4 .
1 2711,11,1))
F=— ex v| . 25
26"'1,“?——5 P<2€+1 ) (vl (25)

Once applying this transformation the link operator becomes
diagonal:

14

. 2wipn
T _ 2
FUF'" = MZE_E exp ( 7 1) [) (el (26)

To then gain a computational advantage towards weak
couplings, one can then truncate the transformed operator to
only contain the states where FI/F " is sufficiently close to 1.
This is done, because the wave function is expected to vanish
for configurations where FU/F ' # 1 at weak couplings.

This is equivalent to modifying the Fourier transformation
to read

Nmax 4

2mip v
> e (T ol @

H=—Nmax v=—{

1

Fo_L1
V20 +1

again as dop = 2nmax + 1.

To obtain accurate results the integer parameter ¢ needs
to be tuned for a given operator dimension and coupling. In
the following we pick ¢ such that it minimizes the error of
the ground state energy of a single plaquette system.

While more elaborate tuning schemes are certainly con-
ceivable, we will show that this produced optimal results for
the system sizes and observables considered in this article.

where nmax < £ and relates to the actual operator dimension

3.3 Plaquette state basis

Lastly we will propose a functional basis for U(1) LGTs,
which we call plaquette state basis (see also Ref. [15] for
an independent derivation). For this we start by studying a
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(a) The low energy spectrum of the single plaquette system
as a function of the coupling g2.

Fig. 2 Spectrum and eigenstates of the single plaquette system

single plaquette in pure gauge theory. In the dual formulation
the Hamiltonian is given by:

. ,d> 1
Hsp = —2g —2+—2(1—cosq)p)
dop 8

(28)

To calculate its eigenstates one has to solve the stationary
Schrodinger equation given by:
HsplYn) = Enl¥n) (29)

Plugging in the Hamiltonian we thus end up with a differen-
tial equation of the form

d? 1 E,
(—@+Tg4(l—cow)—@) Yu(p) =0. (30)

This equation is known as Mathieu’s differential equation
[25]. In its canonical form it reads
y(x)" 4+ (A —2g cos(2x)) y = 0. (31)

To bring eq. (30) into this form we first need to reparametrise
¢ — 2x. Then we can read of

2E, 2
g> gt

and A =

q9=-—= (32)

8

The solutions of this equation are periodic solution, whenever
A is equal to one of the Mathieu characteristic numbers aj, (q)
or b, (q). Due to the periodicity of the parametrisation of the
gauge group, only periodic solutions are of interest. Thus,
the spectrum of the one plaquette system is given by

rg? 1
E,=2% 4 —

St (33)

(b) The wave functions corresponding to the single
plaquette eigenstates at a fixed coupling of g* = 0.1.

Table 1 Solutions of the Mathieu equation

Solution Parity Period
ceon even g
Ceont1 even 2
S€oy odd T
S€2+1 odd 2

The corresponding eigenfunctions are denoted as se, and ce,
and are called the sine- and cosine-elliptic functions respec-
tively. They can be classified by periodicity and parity accord-
ing to Table 1.

As our parametrisation defined in Eq. (20) has a period of
7 (after the reparametrisation) only the & periodic solutions
are valid eigenstates of the system.

We plot the single plaquette spectrum in Fig. 2a and show
the corresponding eigenstates at a coupling of g = 0.1 in
Fig.2b.

A complete set of basis functions is thus given by

() = #cen+1(2¢) n odd, 34)
)= #sen(2¢) n even.

To obtain a finite basis needed for simulations we once
again truncate by imposing n < 2nmax + 1. The operators
are obtained by numerically solving the integrals

2
01 = (Wil Oly) = /0 do T (@) OV (@) (35)

It is possible that analytical solutions to these integrals exist.
However, for now we will leave their derivation to future
researchers. In total w integrals need to be performed
for each of the three operators. Here dop = 2nmax + 1.

@ Springer
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Note that the squared operators, such as L% were integrated
out separately and not simply taken as the matrix squared of
the L operator. This is done, because L does not preserve the
subspace of basis functions. Thus, we expect more accurate
results, when treating L% asan independent operator.

4 Digitisation approaches for SU(2)

Next we will show how some of these approaches translate
to the non-Abelian case of SU(2).

4.1 Clebsch—Gordan expansion

Here the equivalent of the electric basis operators was first
formulated in [26]. The electric eigenstates are labelled by
their eigenvalues with respect to the Laplace Beltrami oper-
ator y . (ic)z, as well as one of the left and right momentum
operators. Here typically L3 and R? are chosen. This gives a
set of states

j,mp,mg), je€N/2,
|JLR>J/.. 36
mp,mge{—j,—j+1,...,j—1,j},

which obey

’\(;2 . e .
SO(£) limeme) = jG +Dljsmesme) - (T)
C

L3|j,mp,mg) = mpl|j,mp, mg) (38)
and
R3|j,mp,mg) = —mg|j,my, mg). (39)

The action of L' and L? can be defined in terms of raising
and lowering operators

(L' +1L2)1j.mp.mp)

=VjG+ D) —mpmp £ D|j,mp £+ 1,mg).
(40)

Similarly, R! and R? obey

(1%1 ﬂFiléz) lj,mp, mg)

= —/j(G+1) —mg(mg £ D|j,mp,mg+1).
(41)

@ Springer

Lastly the link operators need to be obtained. This is done
via a Clebsch—Gordan (CG) expansion [26]:
2j+1 1

Uaer = 2 Z 21

] mp ,mp j mL mR (42)
(jmp.12mylj m')(j mg'|jmg, 1/2m;)

./ / / .
|j'mp mpg') (jmp mg| ,

where the colour indices c1, ¢ correspond to m1, my accord-
ing to the following convention: m; = 1/2 — ¢;.

The resulting operators couple states with the main quan-
tum number j to states with j/ = j + 1/2. Overall these
operators fulfil all the previously stated commutations rela-
tions exactly. However, similarly to the electric operators in
U(1) they fail to capture the weak coupling regime of the
theory.

4.2 Plaquette state basis

This can again be solved by considering the states of a single
plaquette. Its Hamiltonian reads

. N2
Hsp =22y (L‘) +
C

The angles p, 6 and ¢ parametrise the SU(2) gauge group,
where a group element U is given by

— (I —cosp) . 43)

U(p,0,9) =cospl —isinpn(®,¢)-c (44)
with
sin 0 cos ¢
1@, ¢) = | sinfsing | . (45)
cos ¢

A~ \2
In these coordinates ), (L“)
Laplace-Beltrami operator on the group manifold:

~AN\2 1 0 d
L) =— — [ sin? —>+A > 46
;( ) 4sin2p<8p< '08,0 52 (46)

Here Ag, is the Laplace Beltrami Operator on the 2-sphere
in terms of the spherical coordinates 6 and ¢. Therefore, we
can make a separation Ansatz:

p) = S(—'O)Y(Q ®) (47)

takes the shape of the

¢I’l(p’ 01

The spherical part is solved by the spherical Harmonics Y},
which fulfil

Ag Yim =11+ DYp . (48)
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This then leads to the radial equation given by

8 2E, 11+1
u”+<1——4(1—cosp)+ 2”+(_L2))u=o. (49)
8 4 sin” p

For the gauge invariant case, i.e. [ = 0 this again reduces to
the Mathieu equation. Solutions again need to have a period
of . Additionally, only symmetric solutions are differen-
tiable at the poles. As the additional quotient of sin p itself is
anti-symmetric only anti-symmetric solutions of the Mathieu
equations can be considered.

After reparametrization from p — 2x we can identify the
coefficients of the Mathieu equation to be

16 8E, 32
q=—— and A=4+ - —.
gt g g

(50
With this we can write down a set of orthonormal basis states

as

sean+2(q; p/2)
sin p

Guim (0, 0, ) = Yim (6, ). (51)

Note that while these functions are an orthonormal basis of
the Hilbert space, they are only the eigenfunctions of the
single plaquette system for / = 0. To fix this one would
need to solve Eq. (49) separately for [ # 0. However, to the
author’s knowledge this can only be done numerically. The
actual set of eigenfunctions is likely to perform much better,
as suggested in [13].

To obtain finite operators we again truncate. In this case
this is done by imposing [ < Ipnax and n < npax giving a
total operator dimension of

dop = (Mmax + 1) (lmax + 1)?. (52)

The operator matrices are then again obtained via numerical
integration.

5 Results

Next we want to test these operators in numerical simulations.
To do so we use the ITensor DMRG algorithm [27]. This
is done by mapping each U(1) rotor in our two-dimensional
lattice onto the sites of a one dimensional MPS. More specif-
ically the rotor found at lattice coordinate x and y is mapped
to an MPS site position

imps =x(L—1)+y. (53)
This way we will eventually still encounter an exponential

slow down, when increasing the system size in the y direc-
tion, but get much better scaling in the x direction. So while

3 4

1.0 1

0.8

0.6

0.4 4 Electric

Dual Electric
0.2 1 Dual Magnetic
—— Dual Plaq. States

10-1 100
g

Fig. 3 The ground state energy (top) and ground state plaquette expec-
tation value (bottom) as a function of the coupling g2 for a 4 x 4 system
with U(1) gauge. This is done for the original Kogut-Susskind Hamil-
tonian using electric basis operators (purple), and for the dual formula-
tion using electric (red), magnetic (orange) and plaquette state operators
(blue). All truncations are chosen such that dop = 5. Their results are
compared to GFMC results shown by the black crosses

certainly not efficient for larger two-dimensional systems, it
allows us to explore significantly larger system sizes, than
with a regular Eigensolver.

The SVD cutoff parameters and energy convergence cri-
teria in ITensor were tuned such that we are confident that the
finite bond dimension is not contributing a significant error
in the following results. It should thus just be viewed as more
memory efficient Eigensolver for sparse systems with local
interactions. Nevertheless, more appropriate tensor network
algorithms will be needed in the future to explore larger sys-
tem sizes efficiently.

Furthermore, we will compare the digitised Hamiltonian
results to results obtained from Green’s function Monte Carlo
(GFMC) Methods. For details on this algorithm, please refer
to appendix A. In short one can obtain good estimates of the
ground state energy and ground state plaquette expectation
value.

@ Springer
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T 100
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Fig. 4 The mass gap M as a function of the coupling g2 for the same
system and operators as Fig.3

5.1 U(1) Results

To begin our numerical tests we study a 4 x 4 system, with
open boundary conditions using the dual U(1) Hamiltonian
as stated in Eq. (12). This system contains 9 rotor degrees of
freedom. Thus, it should contain enough rotor interactions of
the full theory to give a realistic benchmark, while keeping
the overall computational costs manageable.

In Fig. 3 we plot the ground state energy E( and ground
state plaquette expectation value P as a function of the cou-
pling g%. Shown are results for the electric basis operators in
red, the magnetic basis operators in orange and the plaquette
state operators in blue. For all operators the truncation was
chosen such that dop = 5. For comparison, we also include
Green’s function Monte Carlo (GFMC) results, plotted as the
black crosses, as well as a simulation of the original Kogut-
Susskind Hamiltonian with electric operators also truncated
at dop =5.

As expected both simulations using the electric operators
quickly diverge from the GFMC results when decreasing the
coupling, while the magnetic and plaquette state operators
stay closely match the GFMC results at all couplings. As can
be seen in the zoomed in panel, the magnetic basis functions
oscillate around the GFMC results. Each jump in this zig-zag
pattern corresponds to a change in the value of £ when tuning
for a given coupling and operator dimension. The plaquette
state operators do not show this behaviour and thus lead to
much smaller deviations from the reference results.

Next, we study the mass gap M = E1— Ey. While it possi-
ble to extract mass gaps from Green’s function Monte-Carlo
simulations [28], we did not manage to achieve satisfactory
precision in our implementation. Therefore, we only show
the electric simulation of the original Hamiltonian as well as
the three simulations of the dual Hamiltonian in Fig.4. The
operators are again truncated such that dop = 5.

The behaviour of M as a function of the coupling is qual-
itatively quite similar to the ground state observables. Both

@ Springer

..... I - plaq. dop =5

10-6 3 _.}_.

Fig. 5 The relative deviations of the ground state energy (top) and
the plaquette expectation value (bottom) at a coupling of g2 = 0.1 as
a function of the system size L. This is done for magnetic operators
at three different truncations (orange, red, pink) and for plaquette state
operators at two different truncations (blue, navy). The error bars shown
are statistical in nature and originate from the GFMC simulations used
as a reference. The uncertainties are estimated via bootstrapping

electric formulations again diverge towards small couplings,
while the magnetic basis and plaquette state basis operators
again are stable in the weak coupling limits. The plaquette
states give a marginally smaller mass gap, and the magnetic
basis states again show sharp transitions, when changing ¢.

To get a more quantitative idea of the accuracy of the
different operators we study the relative deviations from the
GFMC results. We define the relative deviation O of an
observable O as

Omeasured - Oref

54
Oref ( )

0=

In Fig.5 we plot the relative deviations with respect to the
GFMC results of Eg and P at a fixed coupling of g? = 0.1
as a function of the lattice size L.

This provides insights into how our results for the small
system sizes compare to more substantial volumes. Shown in
orange, red and pink are magnetic operators of with operator
dimensions of 3, 5, and 7. The blue and dark blue points are
plaquette state operators of dimension 3 and 5.
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Fig. 6 The relative deviation of the mass gap § M, with respect to the
resultatd,, = 33, shown as a function of the inverse operator dimension
dgl for a 4 x 4 system at a coupling of g2 = 0.1. In blue, we show
results for the plaquette state operators, while the orange points are
results obtained from the magnetic operators with optimal £. The cloud
of dashed lines above the orange line shows other possible choices of
the ¢ parameter of the magnetic operators

Similarly to the previous results, the plaquette states show
much lower deviations, than the magnetic operators. For both
deviations decrease, when increasing the operator dimension.
The smallest deviation reached by increasing the operator
dimension, seems to be around 107> for both the ground
state energy and the plaquette expectation value. It is likely
that the constraining factor here are unaddressed systematics
in the GFMC results. For a more detailed discussion of these
refer to appendix A.

Neither of the operators show a strong volume depen-
dence. The most pronounced effect is visible for the smallest
truncations in both approaches. Here, the deviations in the
energy increase by about one order of magnitude from the
smallest to the largest lattice. For the larger truncations the
deviations are mostly independent of the volume. This leaves
us hopeful that the proposed operators will also perform well
in larger simulations.

Lastly we want to get an impression of the convergence
behaviour of the mass gap. For this we will compare to a
high resolution plaquette state result at do, = 33 to results
obtained with smaller truncation at a coupling of g> = 0.1.

The results are depicted in Fig. 6. Here we plot the rela-
tive deviation § M of the reference Mass as a function of the
inverse operator dimension for the plaquette state operators
in blue. Additionally, results for the magnetic basis operators
are shown. For the red line £ was chosen such that the error
of the single plaquette ground state energy is minimised for
a given npya. The dotted orange lines show other possible
choices for £.

Overall the plaquette states show between two and three
orders of magnitude less deviation from the reference result
at fixed operator dimension when compared to the best mag-
netic basis operators. However, both methods converge to the

reference result, and no significant difference in the conver-
gence rate can be observed.

Furthermore, the proposed criterion for tuning ¢ in the
magnetic basis operators seems to give optimal results. This
can be seen, as the orange line obtained from tuned magnetic
basis operators bounds the cloud of all possible magnetic
basis operators from below. It is possible that this only holds
at small system sizes, and different methods are needed for
larger systems.

Next, we applied the plaquette state basis for simulations
of U(1) LGT in three spatial dimensions, using the same
snake MPS solver as before with adapted mapping Eq. (53).
This represents likely a situation where the limits of snake
MPS are tested, which is why we could simulate a 2 x 32
system only. The corresponding results are shown in Fig. 7,
where we again compare to GFMC results. Overall devia-
tions seem significantly larger than in the two-dimensional
case for comparable d,,, which can be understood by the
larger number of interaction terms in the Hamiltonian. Nev-
ertheless, with a small number of plaquette basis states a
range of squared coupling values g2 € [5- 1072, 2.5] can be
simulated with small deviations to the GFMC result. We take
this as a strong indication that the plaquette state basis can
enable simulations in three spatial dimensions without large
truncation effects.

5.2 SU(2) Results

Finally, we would like to present some results for SU(2). Here
we study the 3 x 3 system described by the Hamiltonian given
in Eq. (13). Gauss law is enforced via the described penalty
term. k = 10 proved to be large enough to filter the physical
states of interest. This can be checked, by ensuring that the
expectation value of the penalty Hamiltonian vanishes.

In Fig.8 we again plot the ground state energy and pla-
quette expectation value as a function of the coupling g°.
Shown are results for Clebsch-Gordan operators truncated at
Jmax < 2 (dop = 55) in purple, and for the plaquette state
operators at three different truncations. They have operator
dimensions of 8, 12 and 45 respectively. Once again we com-
pare them to GFMC results. Similar to the results for U(1), the
Clebsch-Gordan operators eventually diverge towards small
couplings, while the plaquette state operators again match
the GFMC results well at all couplings.

The picture is less clear, when studying the mass gap. This
is shown in Fig.9. Again we do not have a GFMC result to
compare to. However, the rather large electric operators are
expected to be reasonably accurate up to the point where
they diverge at around g2 < 0.6. We can clearly see that
the plaquette state operators seem to converge towards the
electric results at stronger coupling. This leaves us hopeful,
that this approach will also deliver accurate results for SU(2)
simulations at weak couplings.

@ Springer
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10-1 100

g2

Fig. 7 The ground state energy and plaquette expectation value (like
in Fig. 3) for a three-dimensional system of size 2 x 32 as a function of
the coupling. Shown are results for the plaquette states at three different
truncations

6 Discussion and conclusion

The results presented in this work show that a functional
basis constructed from the eigenstates of the single-plaquette
Hamiltonian provides an efficient representation for Hamil-
tonian lattice gauge theories. The advantage of this approach,
named the plaquette-state basis, is that it maintains a high
accuracy at small values of the gauge coupling compared to
the other truncation schemes tested.

For the Abelian U(1) theory, the plaquette-state basis
exhibits a consistent and substantial reduction in error com-
pared to both electric and magnetic bases at a fixed opera-
tor dimension. The improvement is particularly pronounced
in the weak-coupling regime, where our results agree with
GFMC calculations over the entire coupling range. Another
advantage of the plaquette-state formulation is its versatility
in accessing a wider range of observables. While GFMC pro-
vides highly accurate ground-state quantities, it is difficult to
extract excited-state properties such as the mass gap with sat-
isfactory precision. Moreover, the plaquette-state basis shows
no significant deterioration in accuracy up to the largest lat-
tices simulated. These features suggest that the basis captures
the relevant low-energy subspace of the Hamiltonian, offer-
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Fig. 8 The ground state energy and ground state plaquette expectation
value as a function of the coupling for a 3 x 3 system of SU(2) gauge
theory. This is done for the Clebsch-Gordan Operators with a trunca-
tion of Jmax = 2 shown in purple and for three sets of plaquette state
operators at different truncations in orange, blue and red respectively

4.0 PS Nmax = 17 lmax =1
384 PS nmax = 2, Imax = 1
— PS Nmax = 55 lmax =2
361 - CG Jmax =2
= 341
3.2 A
3.0 A
2.8

Fig. 9 The mass gap M for the system and operators plotted in Fig. 8

ing a compact yet faithful digitisation for both tensor-network
and quantum-computing applications.

The plaquette state basis appears to retain efficiency in
three spatial dimensions, as our exploratory simulations in a
2 x 32 volume indicate. Here we are currently working on
a GPU implementation which could enable simulations of
larger three dimensional systems.
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Preliminary investigations for the SU(2) case indicate that
the same construction extends to non-Abelian gauge theories.
The plaquette-state basis reproduces the available results for
GFMC at strong and weak couplings keeping a higher ver-
satility. An open challenge lies in formulating a local dual
Hamiltonian for non-Abelian gauge theories. The lack of
such a representation currently restricts simulations to rel-
atively small lattices. A local formulation would enable the
application of tensor-network or quantum-computing algo-
rithms to larger systems while retaining the advantages of
the plaquette-state basis. Addressing this issue represents an
important direction for future work.

It is worth mentioning that Green’s function Monte Carlo
represents a valuable tool which we used to verify our results
for parameter values where no other method was applicable.
It remains to be seen whether GFMC can also be applied
for real time evolution or with a 6-term or baryon chemical
potential.

The idea of constructing plaquette-based basis functions
has recently attracted growing attention. During this work we
became aware of the independent development of a closely
related approach by P. Fontana and collaborators, presented
inRefs. [13,15]. Both projects appear to have originated from
the insights of Bauer et al. [10], whose analysis provided
many of the conceptual ingredients for the present method.
Here we presented complementary results and insights, in
particular more observables, three-dimensional simulations,
and a comparison with other truncation schemes and GFMC.

The question of a suitable Hamiltonian for the non-
Abelian case remains. At the time of writing no suitable
local formulation is known. This is likely a necessity in order
to extract non-trivial physical observables for larger scale
Hamiltonian simulations.
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Appendix A: Green’s Function Monte Carlo for Hamil-
tonian Lattice Gauge Theories

To validate our simulations using digitised Hamiltonians, we
compare to Hamiltonian simulations using Green’s Function
Monte Carlo Methods. Here one simulates the wave func-
tion 1/ (x) as an ensemble of random walkers {. .., x;, ... }in
configuration space. The density of walkers around a point x
then is understood as the value of 1/ (x). The ground state of a
given system can then be found by performing a probabilistic
imaginary time evolution. These methods have a rich history
in nuclear physics [29,30], but can also be applied to lattice
gauge theories.

Our implementation is derived from references [28,31,
32]. In particular, we aim to calculate the ground state energy
and the ground state plaquette expectation value. Ref. [28]
also suggests a method for estimating mass gaps. However,
we did not yet reach satisfactory precision in our results. In
the following we will give a quick overview of our implemen-
tation. For further details we recommend the cited references.

For lattice gauge theories it is common to not actu-
ally simulate the wave function itself, but the product of
¥ (X)PTrial (X), where ¢ryia 1S typically a variational estimate
of the ground state wave function. If chosen well, this can
significantly reduce the variance of measured observables.

As a trial wave function we use

1
DTrial = ﬁ l;[ e Tr[Re(P)] (A1)

where « is chosen such that (¢ryiall H |¢hTrial) 1 minimised.
The algorithm itself can then be summarised by the following
pseudo-code:

After initialising the ensemble of gauge configurations W
and their respective weights w, we enter the main loop of
the algorithm. First is the drift step. Here the probabilistic
imaginary time evolution is carried out. For this, each link
is rotated by the sum of a quantum force term denoted as
F b originating from the use of the trial wave function and a
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Table 2 Gauge group specific formulas for the implementation of a Green’s Function Monte Carlo Solver. For U(1) the factor sp (Ux,i) is equal

to +1 when P contains Uy ; and —1 when it contains U:,;- In the SU(2) formulas we use the rotation matrices R (U) = 2 Tr[U ¢ Ute?].

Gauge Group 7, EL
u) 1 (Za - g%) Y pcosep — 13y, Fiyi

1 3 2 1 e )
SU_2) 70¢ (Z(Z - gj) ZP Tr[P] — 2 Zx,i,c (FQx,i)

Fé X,i Ox Ephysical

o vai ZP?'Ux.i Sp (sti) singp V2At % (EL + g%Nplaquenes>
o Zx,i.c ZPBUXV,- )?P(Ux,i)u
Xp(Uy) = —xp(Uy) = %Tr[(? P] 2( 4 )
- i VAt E = Nz .
xp(Up) = l’R(UI)TI- [O‘ P] 8 L+ g2 !Vplaquettes

Xp(Us) = —3R(UNTt 5 P]

Algorithm 1 Green’s Function Monte Carlo. Input parame-
ters of the algorithm are the coupling g2, the step size At,
the trial energy E7, the number of sweeps Ngweeps and the
number of propagation steps per branching step Npjis. The
gauge group specific formulas for 7., Er, F é x.; and oy can
be found in tab. 2

function GFMC(g2, At, E7, Nsweeps> Nhits)

\ye{c1={...,U,},,.,...},...,

CMumer = (. ylee
> Random initial ensemble of gauge configurations
W<~ (,..., DT
fors =1,..., Nsweeps do
for C; € ¥ do > Loop over configurations
for Uy ; € C do > Loop over links

forc=1,..., N.do
x¢ < random_normal(u = 0, 0 = 0y)

Wrand < exp (_ Zg XCTC)
> Random component of the drift step

Wrorce <= €Xp (_At Zc Féx,i(c.f)rf>
> Force component of the drift step

Ux,i < Wrand - Wrorce - Ux,i
> Apply the drift Step

wj < w;exp(At(EL — ET))
> Update the weights

if s mod Npis = 0 then > Branching Step
W« W' s.t. w; copies of C; are in W’

W< (,....,»DT > Reset weights

random number . drawn from a normal distribution with
variance a)%. Next, the weight of each walker is adjusted
according to the new energy of its configuration.

Lastly a branching step is performed every Ny;; steps. Here
a new ensemble W’ is created from the old ensemble ¥ by
duplicating and deleting the random walkers in W according
to their weight. This ensures that the ensemble does not con-

@ Springer

tain too many walkers with vanishing weights and thus imple-
ments a form of importance sampling. The fractional part in
a given weight is treated probabilistically. E.g. a walker with
a weight of w; = 2.1 has a 10% chance of appearing thrice
in the new ensemble4 and a 90% chance of appearing twice.

The gauge group specific formulas for the energy E; and
the quantum force F b are summarised in Table 2, together
with the other formulas needed in the implementation. As

typically a renormalized Hamiltonian H~H /g% is simu-
lated, the last column gives conversion formulas to obtain the
spectrum of H as given in Section 2 from the configuration
energy Ep .

1. Population Control

The branching step deserves a little more attention, as it intro-
duces a problem. The trial energy E7 will need continuous
tuning, as otherwise the population of random walkers will
either grow or decay exponentially. Both cases are obviously
not acceptable for practical applications.

Thus, some form of population control is needed. As dis-
cussed in [33], tuning E7 dynamically introduces a small
bias to the results. For most method’s this bias vanishes in
the limit of infinitely large populations. As the sensitivity to
E7 is quite high at weak couplings, a rather brute force ver-
sion of population control was used. At the beginning of each
branching step the weights are renormalized s.t.

_ N target

w; = ijjwj'.

(A2)

Then Niygee walkers were drawn from the old ones according
to the renormalized weights w;.

In our runs we use Narger = 500 000. Thus, we expect the
bias caused by population control to be quite small. As dis-
cussed earlier, good matching with other simulation methods
is achieved up to 5 significant digits. However, it is likely that
this bias needs to be investigated and addressed if one wants
to achieve higher precision.
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forward steps

(a) The forward walking plaquette estimator as a function
of the forward steps at At = 0.002/«. Shown in red is the
fit eq. (A4) used to estimate the plateau value.

At/a

(b) The ground state plaquette expectation value as a
function of At/a. In red, we show an extrapolation to
At — 0 which is used to estimate the physical value.

Fig. 10 Representative Extrapolations for the extraction of observables from the GEMC data. This particular set of plots is obtained from a 33
lattice with open boundary conditions at g2 = 0.2645 using U(1) as a gauge group

2. Observables

The ground state energy can be measured in two different
ways. First one can take a weighted average of the config-
uration energies E;, after every sweep. This is the method
we use will use in the following. Another option is to esti-
mate the trial energy E7, that keeps the size of the ensemble
constant. Both should agree in the limit Az — 0.

To measure the plaquette expectation value we use the
forward walking method as proposed in [28]. For this one
first measures the average plaquette expectation value of each
walker in a given ensemble. Then the ensemble is propagated
like discussed before. However, during the branching steps
we keep track of the ancestry of each walker. After a sufficient
number of propagation steps we estimate the plaquette as
the average of the plaquette expectation values of the initial
ensemble, weighted by the weights of each configuration’s
descendants:

1 S
P = Sl Y Whese Pine. (A3)

i

For a sufficient number of propagation steps this value even-
tually stabilises. An example of this can be seen in Fig. 10.
To extract the stabilised value a function of the form
P(n) = P +be™ " (A4)

is fitted to the data. P, is then taken as the estimator of the
ground state plaquette expectation value.

3. Statistics

As stated earlier the ensemble size was chosen to be 500 000.
Branching was performed every Npj; = 5 iterations. After a

total 5 x 10000 thermalisation iterations, initially at larger
values of At, our measurement loop begins. It consists of 5 x
64 iterations to estimate the energy, followed by the forward
walking plaquette measurement taken over 5 x 128 steps.
P (n) is measured after each branching step in the forward
propagation. These energy and plaquette measurements are
then repeated a few hundred times. In total measurements are
thus taken over more than O(5 x 20 000) iterations.

For each cycle of the measurement loop the plaquette fit
is carried out. The energies are estimated by taking the mean
of Ey, for the 5 x 64 initial sweeps. Errors are estimated by
bootstrapping over all iterations of the measurement loop.

4. Extrapolating At — 0

Lastly, each observable must be extrapolated to the limit
At — 0. As an example we show the plaquette expecta-
tion value as a function of At /« in Fig. 10b. As can be seen,
this is well described by a linear fit. The intersection with
At = 0 finally gives us the values we used to compare to the
digitised Hamiltonian results.

In our implementation we ran simulations at using four
different time step sizes At given by
At € {0.008 «, 0.004 v, 0.002 v, 0.001cx} . (AS)
Expressing At as a function of « proved useful, as it keeps the
overall change by each drift step independent of the coupling.

5. Outlook
In general, the GFMC results proved quite useful in test-

ing and benchmarking digitised Hamiltonian methods. We
believe that it is worth reevaluating its potential capabilities

@ Springer
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considering the renewed interest in Hamiltonian lattice gauge
theories as well as the advancements in computing power.
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