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Abstract

Variational quantum algorithms, and in particular variants of the variational
quantum eigensolver, have been proposed as approaches to combinatorial opti-
mization (CO) problems. With only shallow ansatz circuits, these methods are
considered suitable for current noisy intermediate-scale quantum hardware. Yet,
the resources required to train variational circuits often scale superpolynomi-
ally with problem size. In this study, we numerically investigate the practical
implications of this scaling for CO problems, using Max-Cut and random
QUBO instances as benchmarks. For a fixed computational budget, we compare
the average performance of training shallow variational circuits, sampling with
replacement, and greedy local search. We identify the minimum problem size at
which the quantum algorithms consistently outperform random sampling, and
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for each size, we characterize their separation from greedy local search. Beyond
average-case performance, we analyze correlations between algorithms across
individual problem instances. These results strengthen the case for intuitive
yet meaningful benchmarks of variational quantum algorithms for CO problems
under realistic resource constraints.

Keywords: Variational quantum algorithms, combinatorial optimization,
measurement shot noise

1 Introduction

The goal of combinatorial optimization (CO) is to find an optimal or near-optimal
solution from a finite set of candidates. CO problems have many practically relevant
applications in industry, such as supply chain optimization [1], logistics [2], and chip
design [3]. They also arise in physics, for example, in reconstructing particle trajecto-
ries in collider experiments [4–10]. Many CO problems are NP-hard [11], meaning that
no efficient classical algorithms are known for solving them in general. In practice,
they are routinely addressed with heuristic classical algorithms that provide approxi-
mate solutions. Even small improvements in accuracy or runtime can have substantial
impact, which motivates the continuing search for better algorithms.

Quantum computation offers the potential for algorithmic speedups, with proven
advantages for specific problems such as factoring [12] and unstructured search [13].
Whether similar advantages can be achieved for approximating CO problems remains
an open question, and is the focus of many theoretical and empirical studies. In
the era of noisy intermediate-scale quantum (NISQ) devices [14], most approaches
to CO take the form of variational quantum algorithms (VQAs)—hybrid quantum-
classical methods that train the parameters of ansatz circuits within the constraints
of near-term hardware. Prominent examples include the quantum approximate opti-
mization algorithm (QAOA) [15], the variational quantum eigensolver (VQE) [16], and
numerous extensions of both families [17, 18]. Alongside these developments, many
proof-of-principle demonstrations and benchmarking studies of VQAs for CO have
been reported [19–24].

VQAs often suffer from trainability issues, due to cost concentration [25, 26] and
poor local minima [27]. This implies that the number of samples required to train the
quantum circuit scales superpolynomially with problem size. In this study we numer-
ically investigate the practical implications of this scaling for solving small instances
of the prominent Max-Cut problem on 3-regular graphs and random quadratic uncon-
strained binary optimization (QUBO) instances. We compare the average performance
of different algorithms that are all based on repeatedly evaluating the objective func-
tion, which allows for a direct comparison: training a variational quantum circuit,
sampling with replacement, and a greedy local search. Our primary motivation for
these benchmarks is to provide an intuitive point of reference between VQAs and sim-
ple classical routines. Many prior studies evaluate VQA performance in isolation, which
makes it challenging to interpret the results in context. Our results contribute to the
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understanding of average-case performance metrics for VQAs, such as the approxima-
tion ratio and the success probability. Furthermore, we analyze whether good initial
points for the greedy algorithm are also good initial points for the VQA by studying
the correlation between the performance of both algorithms on individual instances.

This paper is organized as follows. In Sec. 2.1, we describe the construction of the
CO problem instances used in our benchmarks. The performance metrics for com-
paring the different algorithms are introduced in Sec. 2.2, including a metric that
provides intuition for the average difference in approximation ratio and a binned-
statistics approach to investigate correlations in algorithm performance by instance.
Section 3 details the specific VQAs considered in this study, together with the greedy
local search and the baseline sampling procedure. We also clarify what is meant by
initializing the VQA and the greedy algorithm from the same starting point, which
enables meaningful instance-wise comparisons. A brief overview of related work is
given in Sec. 4. The setup of our numerical experiments and the corresponding results
are presented in Sec. 5. Finally, Sec. 6 concludes with a discussion.

2 Combinatorial optimization

In the following we briefly introduce the Max-Cut problem and the random QUBO
instances that we use as a benchmark, and discuss the various performance metrics
for characterizing the different algorithms.

2.1 Max-Cut and random QUBO instances

The goal of the Max-Cut problem is to divide the nodes V of an undirected weighted
graph G = (V,E) with edges E into two sets such that the sum of the edge weights
between the two sets is maximal. Formally, for a graph G = (V,E) with |V | = N + 1
nodes and edge weights wij > 0 for (i, j) ∈ E the problem is to maximize the objective
function

˜̃O(x) =
∑

(i,j)∈E

wij [xi(1− xj) + xj(1− xi)]. (1)

by assigning xi = 0 or xi = 1 to each node i. We follow the convention j < i for labeling
the edges (i, j) ∈ E. An assignment x = (x1, . . . , xN+1) divides the graph into two
sets of nodes according to their labels. Maximizing the objective function corresponds
to maximizing the sum of the edge weights between the two sets. The problem has a
symmetry under interchanging the labels 0 → 1 and 1 → 0. Following Ref. [28], we
remove this symmetry by setting x1 = 0, leading to the objective function

Õ(x) =
∑

(i,j=1)∈E

wijxi +
∑

(i̸=1,j ̸=1)∈E

wij [xi(1− xj) + xj(1− xi)]. (2)

The Max-Cut problem on a graph with N + 1 nodes is now encoded as an objective

function of N binary variables. Finding the optimal solution x∗ = argmax ˜̃O(x) is

NP-hard. Finding a solution x with approximation ratio α = ˜̃O(x)/ ˜̃O(x∗) > 16/17 ≈
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0.9412 is also NP-hard [29]. This makes Max-Cut a suitable problem for studying
algorithms for CO. The Goemans-Williamson (GW) algorithm, the best-known classi-
cal semidefinite programming (SDP) algorithm for Max-Cut, can find a solution with
approximation ratio of α ≥ 0.87856 in polynomial time [30].

We follow a similar approach as in Ref. [28] to construct Max-Cut instances for our
numerical experiments. For each N ∈ {11, 21, 31, 41, 51, 61}, we define 25 Max-Cut
instances on random 3-regular simple undirected and connected graphs with weights
wij drawn uniformly from (0, 1]. We divide the objective function Õ of every instance
by the objective value OGW achieved by a single run of the GW SDP algorithm using
its implementation in Qiskit [31]. This defines the objective function O we use in our
numerical experiments:

O(x) =
Õ(x)

OGW
. (3)

Now, the objective functions are re-scaled to intervals [0, β] where the lower bound 0 is
given by the trivial cut x = 0. The objective function O is the same as the ratio of the
corresponding approximation ratios. Since the GW algorithm gives an approximation
ratio of 0.87856 in the worst case and an approximation ratio of 1 in the best case,
it is evident that 1 ≤ β ≤ 1/0.87856. This procedure eliminates possible impacts
of differing scales of the objective function on the performance of the algorithms we
benchmark.

In addition to Max-Cut, we also consider random QUBO instances [32]. A QUBO
problem is specified by an N ×N real symmetric matrix Q and the objective function

OQUBO(x) = −x⊤Qx, x ∈ {0, 1}N . (4)

Throughout this work, we adopt the convention of formulating QUBO as a maximiza-
tion problem, consistent with our treatment of Max-Cut. Max-Cut can be expressed
as a special case of QUBO by choosing the matrix elements Qij to encode the edge
weights of a graph. More generally, QUBO provides a unifying formulation for a broad
class of combinatorial optimization problems.

In contrast to Max-Cut, random QUBO instances do not come with hardness-of-
approximation guarantees. While solving QUBO is NP-hard in the worst case, the
approximability of random instances depends strongly on the distribution from which
Q is drawn.

For our numerical experiments, we generate random QUBO instances by draw-
ing the upper-triangular elements Qij independently from the uniform distribution
on [−1, 1] and symmetrizing Q. These instances complement the structured Max-
Cut problems and allow us to investigate how algorithm performance differs between
problems with established approximation hardness and a problem that lacks such
guarantees.
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2.2 Performance metrics

To quantify an algorithm’s ability to find an approximate solution xmax for the CO
problems, we use the approximation ratio:

α =
O(xmax)

O(x∗)
. (5)

Throughout each algorithm that we run, we keep track of the assignment that pro-
duced the highest approximation ratio. The final approximation ratio is then defined
as the highest approximation ratio observed during the runtime of the algorithm. In
particular, for the case of VQAs we do not use the expected value of the objective func-
tion to determine the approximation ratio, which would correspond to an average over
multiple assignments, if the current ansatz state does not represent a computational
basis state. Instead, we use the best assignment xmax obtained by the measurements
throughout the VQA process. The approximations ratios achieved by the VQAs in our
numerical experiments follow a highly non-normal distribution over problem instances
and initial points. This means that its mean value does not represent the approxi-
mation ratio of a typical VQA instance. Furthermore, the sample standard deviation
does not include most VQA instances. Thus, we compute the standard error of the
mean (SEM) instead of the sample standard deviation, rating how well the sample
mean represents the population mean. To aid in understanding what a certain average
difference in the approximation ratio between two algorithms means, we use an addi-
tional statistical method. We compute mean probabilities and, using Wilson’s score
method [33] implemented in Python’s statsmodels module [34], 95% confidence inter-
vals for an algorithm achieving a higher approximation ratio than another algorithm.
This metric does not include information about the value of the difference but gives an
intuitive understanding complementing the average difference in approximation ratio.
In this metric, a value of 1/2 means that the algorithms perform equally well.

For small problems, the VQAs are able to find the exact solution. To quantify its
ability to do so, we count the number of successful runs where success is defined as
observing the exact solution at least once when running the algorithm. Then, we com-
pute the mean success probability and, again using Wilson’s score method, the 95%
confidence interval for success. When benchmarking the VQAs, this metric is only use-
ful for small problems because it decays rapidly with problem size. For larger problems,
one cannot expect to find the exact solution and has to rely on the approximation
ratio as a performance metric.

To obtain an understanding of the algorithms beyond the typical average case
studies, we analyze the correlation of the approximation ratios achieved by different
algorithms by instance. We do so using binned statistics on the instances as outlined
in the following. An instance is defined by the problem instance and, if the algorithm
accepts an initial point, by the initial point. First, we compute the approximation
ratios achieved by the algorithms for every instance. Then, we group the instances into
small intervals of equal size in approximation ratio achieved by one algorithm. The
x-value is defined by the sample mean of these approximation ratios and its sample
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standard deviation. Now, the y-value is given by the sample mean and standard devia-
tion of the approximation ratio achieved by another algorithm for the same instances.
This method allows for investigating if instances that are hard for one algorithm are
also hard for another algorithm.

3 Algorithms

In this section we introduce the algorithms we compare in our study: training a shallow
parametric quantum circuits, sampling with replacement, and a greedy local search
starting either from uniformly random states or from the same initial point as the
quantum algorithm.

3.1 Variational quantum eigensolver

The VQE is a hybrid quantum-classical algorithm that was originally proposed for
computing ground states of molecular Hamiltonians [16]. The expectation value of
the Hamiltonian is evaluated on a quantum device using a parametrized circuit as
a variational ansatz. The parameters are then updated utilizing a classical optimiza-
tion algorithm such that the Hamiltonian’s expectation value decreases. Running
this quantum-classical feedback loop iteratively until certain convergence criteria are
matched or when a maximum number of Niter iterations is reached, one obtains
an approximation for the ground state of the Hamiltonian. In our study, we apply
the VQE to maximize an objective function, which can equivalently be expressed as
minimizing the expectation value of a corresponding Hamiltonian.

In the context of CO, an alternative view on the algorithm is preferable because
the solution candidates are computational basis states. The quantum circuit M , which
we assume to include projective measurements in the computational basis at the end,
is a model that maps sets of Nparams parameters ϑ to computational basis states of
N qubits. Here we consider without loss of generality parametric gates of the form
exp(iϑkP), where P is a Pauli string on N qubits, P ∈ {1, X, Y, Z}⊗N . Hence, the
parameters can be restricted to [0, 2π), and the quantum circuit corresponds to

M : [0, 2π)Nparams → {0, 1}N . (6)

The cost function C, the target of the classical optimization algorithm, computes a
single cost value for Nshots computational basis states

C : ({0, 1}N )Nshots → R. (7)

The classical optimization algorithm OA uses this value and the corresponding set of
parameters to calculate a new set of parameters 1

OA : [0, 2π)Nparams × R→ [0, 2π)Nparams . (8)

1Note that for simplicity of notation, we assume the optimization algorithm only takes the parameter
values and the current cost function value as in input. Additional arguments, which would be required, e.g.,
for gradient-based optimization algorithms would not affect any of the arguments presented in the following.
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The VQE algorithm in terms of these definitions is described in Algorithm 1.

Algorithm 1 Variational Quantum Eigensolver

Input: Quantum circuit M , initial parameter vector ϑ, objective function O, cost
function C, optimization algorithm OA

Parameter: Maximum number of iterations Niter, maximum number of shots Nshots

Output: Binary vector xmax ∈ {0, 1}N
1: Omax ← −∞
2: for iteration← 1 to Niter do
3: X ← empty list
4: for shot← 1 to Nshots do
5: xupdate ←M(ϑ)
6: Append xupdate to X
7: Oupdate ← O(xupdate)
8: if Oupdate > Omax then
9: xmax ← xupdate

10: Omax ← Oupdate

11: end if
12: end for
13: ϑ← OA(ϑ, C(X))
14: end for

3.2 Hyper-parameter choices for the VQE

In our study we investigate the performance of simple hardware-efficient circuit archi-
tectures that are suitable for noisy intermediate-scale quantum hardware. The circuit
starts with a register of N qubits encoding N binary variables initialized in the state
|0⟩⊗N . Then, a single layer of parameterized RY rotation gates acts on the qubits.
The exclusive use of RY rotations results in a low gate count and a circuit that gen-
erates real amplitudes. The initial layer is sufficient to express every computational
basis state but the corresponding cost landscape suffers from numerous local minima.
To generate a possibly more favorable cost landscape, entangling CNOT gates are
added in a brick-like pattern as shown in Fig. 1a. This pattern enables the execution
of multiple CNOT operations in parallel. The circuit is completed with another layer
of RY rotations and a measurement of all qubits in the computational basis.

As a more expressive alternative, we also consider the EfficientSU2 circuit, which
extends the previously described RealAmplitudes ansatz by including additional RZ

rotations after each RY gate in the rotation layers. This augmentation allows the
circuit to explore a larger portion of Hilbert space, while still maintaining a hardware-
efficient structure with brick-like entangling layers. An example of this rotation layer
is illustrated in Fig. 1b. As with the RealAmplitudes ansatz, our study focuses on a
single layer, although deeper variants can be constructed by repeating the same block.

Since the VQE was proposed to estimate ground-state energies, its original cost
function is the energy expectation value. In the context of CO, this would lead to
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|0⟩ RY (ϑ0) RY (ϑ5)

|0⟩ RY (ϑ1) RY (ϑ6)

|0⟩ RY (ϑ2) RY (ϑ7)

|0⟩ RY (ϑ3) RY (ϑ8)

|0⟩ RY (ϑ4) RY (ϑ9)

(a) RealAmplitudes ansatz with a pairwise
entangling layer.

RY (ϑ0) RZ(ϑ5)

RY (ϑ1) RZ(ϑ6)

RY (ϑ2) RZ(ϑ7)

RY (ϑ3) RZ(ϑ8)

RY (ϑ4) RZ(ϑ9)

(b) Rotation layer of the EfficientSU2 ansatz.

Fig. 1: Two commonly used hardware-efficient quantum circuits illustrated for N = 5
variables. Panel a shows the RealAmplitudes ansatz, which alternates single-qubit
rotations with pairwise entangling layers. Panel b highlights the additional RZ rota-
tions in the EfficientSU2 ansatz that distinguish it from RealAmplitudes. Throughout
this work, we refer to a single layer of these circuits, while deeper variants are obtained
by repeating the same building block, as indicated by dashed lines.

the cost function C which is the full sample mean of the objective function for Nshots

computational basis states xk that we denote with X:

C(X) =
1

Nshots

Nshots∑
k=1

O(xk) (9)

In our study, we use the conditional value at risk (CVaR) as a cost function, CCVaR,
that was proposed to enhance the performance of VQAs for CO [35]. Assuming that
the objective values O(xk) are sorted in non-increasing order, the CVaR cost function
only considers the fraction γ of large objective values:

CCVaR(X) =
1

⌈γNshots⌉

⌈γNshots⌉∑
k=1

O(xk). (10)

The motivation for the CVaR cost function lies in the observation that, for CO, quan-
tum states with large components with high objective values are favorable over states
with possibly larger mean objective values but smaller components with high objec-
tive values. The case ⌈γNshots⌉ = 1 results in an optimization with respect to the
maximal observed objective value, while the case γ = 1 retrieves the sample mean,
which corresponds to the original VQE approach. The former leads to a discontinuous
optimization landscape, making the choice of γ an important hyper-parameter.
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To update the parameters, we choose the gradient-free Constrained Optimiza-
tion BY Linear Approximation (COBYLA) algorithm [36]. We use the default
hyper-parameters in its SciPy implementation[37].

We are aware that one does not expect the shallow VQE ansätze of our study
to show competitive performance. In particular, we expect the resources required to
sufficiently train the circuits of Fig. 1 to scale superpolynomially with problem size, as
shallow circuits tend to lead to poor local minima. However, our goal is not to claim
competitiveness of these specific setups, but to gain intuition for what the observed
scaling behavior implies in practice for fixed problem sizes. Importantly, ansätze of
this type also appear as components in more sophisticated algorithms, such as Filter-
VQE [28] or Layer-VQE [38]. Our benchmarks can be straightforwardly applied to
these methods and, more generally, to all variational algorithms that rely on repeated
evaluations of an objective function.

Even when more performant ansätze or advanced cost functions are employed, the
central question remains whether quantum algorithms offer an advantage over simple
classical heuristics. In this sense, our benchmarks based on comparisons to random
sampling and greedy local search remain informative, as they provide a baseline for
assessing improvements in algorithmic design. Thus, while the specific VQE ansätze
considered here may be simple, the benchmarking framework developed in this work
can continue to play a valuable role in evaluating the progress of more advanced
quantum optimization algorithms.

3.3 Quantum approximate optimization algorithm

The Quantum Approximate Optimization Algorithm (QAOA) is a variational quan-
tum algorithm inspired by the adiabatic principle [39]. In adiabatic quantum com-
puting, the system is initialized in the ground state of a simple Hamiltonian HM

and evolved slowly under a time-dependent Hamiltonian H(t) = f(t)HC + g(t)HM ,
where HC encodes the problem of interest. Here, f(t) and g(t) are smooth control
functions that interpolate between the two Hamiltonians, with boundary conditions
f(0) = g(T ) = 0 and f(T ) = g(0) = 1. If the interpolation is sufficiently slow and the
spectral gap remains non-vanishing, the system remains in the ground state of H(t)
throughout the evolution, yielding the ground state of HC at the end of the process.

On gate-based quantum devices, this continuous evolution can be approximated
by a Trotter decomposition into p discrete layers,

U(ν, β) =

p∏
k=1

e−iβkHM e−iνkHC , (11)

with 2p variational parameters ν, β. The resulting circuit U(ν, β) serves as a variational
ansatz and is trained in the same hybrid quantum–classical loop introduced in Sec. 3.1.
In this sense, QAOA can be understood as a specific choice of circuit family within
the general VQA framework, with the distinctive feature that it is tailored to the
structure of combinatorial optimization problems.
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A common choice for the mixer Hamiltonian is

HM =
∑
i∈V

Xi, (12)

whose ground state is the uniform superposition of all computational basis states.
A wide range of modifications of the original QAOA have been proposed, including
alternative mixer Hamiltonians, counter-adiabatic terms, and different parameteriza-
tions [17]. In our study, we consider the multi-angle ansatz (ma-QAOA) [40], which
introduces separate variational parameters for each term in both the cost and mixer
Hamiltonians,

U(ν, β) =

p∏
k=1

e−i
∑

n βk,nHM,ne−i
∑

m νk,mHC,m , (13)

where HC,m and HM,n denote the individual terms in the respective Hamiltonians.
Empirical studies suggest that ma-QAOA can perform as well as or better than
standard QAOA while requiring shallower circuits [40].

Due to its connection with adiabatic quantum computing, QAOA is guaranteed
to reach the optimal solution in the limit p → ∞, though in the worst case this
may require exponential depth p ∼ 2O(N). Nonetheless, QAOA remains an important
candidate for quantum combinatorial optimization: it admits rigorous approxima-
tion guarantees at constant p for specific problems [41], and it provides a structured
variational framework that can be directly compared to hardware-efficient ansätze.

3.4 Sampling with replacement

In general, VQAs require many iterations Niter and measurements Nshots to con-
verge on average. Since the total number of objective function evaluations is given by
Nevals = NiterNshots, VQAs can be directly compared to other algorithms that also
rely on repeated evaluations of the objective function. This benchmarking approach
is biased in the sense that it favors the quantum algorithm: it assumes that draw-
ing a random bitstring on a classical computer is as costly as running the variational
quantum circuit and measuring a state in the computational basis from it.

As the simplest classical competitor, we consider uniformly sampling computa-
tional basis states with replacement, which ignores any problem structure. We use
sampling with replacement rather than without replacement because the VQE likewise
does not exploit information about which basis states have already been sampled. For
a problem of size N , the probability of obtaining the optimal solution in this setting
is Nevals/2

N . In our study, we numerically assess the approximation ratio achieved by
this naive sampling strategy. This benchmark provides a lower bound and rules out
the possibility that the VQAs are merely guessing solutions.
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3.5 Greedy algorithm

An alternative to training a probabilistic model to generate computational basis states
is to define a fixed set of rules to generate states. A possible choice is a greedy local
search that updates states in a way that locally maximizes the objective function.
The input to the algorithm is a computational basis state x. Then, the algorithm
computes the objective function for all states that differ from the initial state x by
exactly one bit flip, and accepts the state with the largest improvement in objective
value as the initial state for the next iteration. If there is no further improvement or
if the maximal number of evaluations of the objective function Nevals is reached, the
algorithm is terminated. The procedure is explained in detail in Algorithm 2. We note
that the evaluation of the objective function can be implemented very efficiently for
the greedy algorithm, because only the change of the objective function with respect
to a single variable has to be computed. This means that the benchmark again has a
bias in favor of the quantum algorithm.

Algorithm 2 Greedy Algorithm

Input: Initial binary vector xinit ∈ {0, 1}N sampled uniformly at random or from a
quantum circuit, objective function O

Parameter: Maximum number of evaluations Nevals

Output: Binary vector xmax ∈ {0, 1}N
1: xmax ← xinit

2: Omax ← O(xmax)
3: xtemp ← xmax

4: nevals ← 1
5: while nevals < Nevals do
6: xupdate ← the single-bit flip of xtemp with the largest objective function value
7: nevals ← nevals + number of single bit flips
8: Oupdate ← O(xupdate)
9: if Oupdate > Omax then

10: xmax ← xupdate

11: Omax ← Oupdate

12: xtemp ← xupdate

13: else
14: break
15: end if
16: end while

For the first part of our numerical experiments, the greedy algorithm is initial-
ized from uniformly random bitstrings. In addition, we are interested in studying the
correlation of VQE and greedy performance by instance, i.e., defined jointly by the
problem instance and the initial state.

To this end, we clarify what we mean by starting both algorithms from the same
initial point. For the VQE, the initial point is given by the quantum circuit and
its parameter initialization. The greedy algorithm, in contrast, starts from a single
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computational basis state. We generate such a state by executing the VQE circuit
once with the same initial parameters. The greedy update routine is then applied
to this state until no further improvement is possible. If the procedure returns to
a previously visited state, a new computational basis state is generated from the
quantum circuit. The algorithm keeps track of all visited states and terminates the
loop when a repetition occurs.

This procedure ensures that the VQE and the greedy algorithm are compared over
the same set of initial points. This is particularly important because the performance of
VQE depends strongly on initialization. Moreover, by analyzing correlations between
the two algorithms on an instance-by-instance basis, we can assess whether favorable
initial points for VQE are also favorable for greedy search.

4 Related work

In this section we summarize related work that we are aware of. Reference [42] com-
pares the performance of a QAOA and a VQE to sampling with replacement for
ferromagnetic and disordered Ising chains. They probe the regime to up to around
20 variables where they do not observe a practical advantage of the quantum algo-
rithms, in agreement with our numerical findings in Sec. 5. Furthermore, they propose
a parameter initialization strategy to enhance the performance of the QAOA.

In an extended performance analysis [43] of the Filter-VQE algorithm [28] that also
includes a comparison to sampling, the authors conclude that significant algorithmic
developments are necessary to be competitive with state-of-the-art solvers, such as
Gurobi [44].

The authors of Ref. [45] propose a quantum-enhanced greedy CO solver and com-
pare it to its classical counterpart. The quantum version of the algorithm uses states
obtained by the QAOA algorithm as starting points for the greedy procedure, while the
classical version starts from a uniform distribution of all computational basis states.

In Ref. [46], the authors propose a novel heuristic for quantum-inspired solvers
that relies on encoding variables into correlations of Pauli-operators. Their encoding
and the corresponding cost function lead to the best performance in experiment of a
VQA for CO so far. They report average approximation ratios that are significantly
better than a local search starting from randomly picked graph partitions. This is very
similar to our comparison of the VQE to the greedy algorithm, which additionally
uses the concept of starting both algorithms from the same initial point in the sense
defined in Sec. 3.5.

5 Numerical experiments

We compare the performance of the algorithms described in Sec. 3 on the Max-
Cut and random QUBO problems introduced in Sec. 2.1. We consider six different
problem sizes ranging from 11 to 61 variables. For each problem type and size, we
generate 25 instances and run each algorithm 10 times, using different initial points
in the case of the VQAs. In total, this results in 9000 runs, which we use both for
average-case convergence studies and for investigating correlations between algorithm
performances.
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(a) RealAmplitudes ansatz.
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(b) ma-QAOA ansatz.

Fig. 2: Impact of hyperparameters on performance for the largest Max-Cut instances
with N = 61 variables. Panel a shows results for the RealAmplitudes ansatz and
panel b for the ma-QAOA ansatz. The plots illustrate the effect of varying the number
of measurement shots Nshots and the CVaR parameter γ. The number of iterations
Niter is determined by the fixed evaluation budget according to Nevals = NiterNshots =
106.

To obtain the optimal solutions of all problem instances, we employ the Gurobi
solver [44]. The problem sizes considered in this study are trivial for commercial
solvers: Gurobi requires at most a few seconds to find the optimum and certify its
optimality.

For the VQAs, we simulate the circuits in an ideal, noise-free setting using the
matrix product state (MPS) method of Qiskit Aer [31]. The MPS method is well suited
for shallow circuits even for larger qubit numbers. As explained in Sec. 3.2, impor-
tant hyperparameters are the maximum number of iterations Niter and the number
of measurements per iteration Nshots. We investigate the algorithms in the regime
Nevals = NiterNshots = 106, corresponding to a budget of one million objective-function
evaluations. Exploring larger budgets does not significantly improve performance.

By testing different combinations of Niter and Nshots on the largest Max-Cut
instances of size 61, we found Nshots = 103 and Niter = 103 to perform best on average
for the hardware-efficient circuits, and Nshots = 104 and Niter = 102 for the ma-QAOA
algorithm. The impact of these hyperparameters, as well as the effect of the CVaR
parameter γ, is shown in Fig. 2. For convenience, we summarize all hyperparameter
choices in Tab. 1.

For benchmarking sampling with replacement, we use the NumPy random number
generator [47] to generate computational basis states. We implemented the greedy
algorithm with native Python data structures and NumPy.
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Algorithm VQE ma-QAOA

Backend Matrix product state simulator of Qiskit Aer without noise [31].
Circuit M Single layer of the RealAm-

plitudes or EfficientSU2 ansatz
(Fig. 1)

Single layer of the multi-angle
QAOA ansatz (Sec. 3.3)

Cost function C CCVaR cost function (Eq. 10) with γ = 0.1.
Max iterations Niter 1000 100
Measurements per
iteration Nshots

1000 10000

Optimizer OA Constrained Optimization BY Linear Approximation (COBYLA)
with default hyperparameters of its SciPy implementation [37].

Table 1: Hyperparameters used for the VQE and ma-QAOA algorithms. The total
evaluation budget is fixed at Nevals = NiterNshots = 106.

5.1 Performance of the RealAmplitudes ansatz in comparison
to classical baselines

For each problem type and size, and for each of the 25 instances, we run the quantum
algorithms (VQAs) with ten different initial points. For every such run, we compute the
difference in approximation ratio relative to the classical baselines. The comparisons
to sampling and greedy local search are based on ten independent runs each. This
procedure yields 250 differences per problem size for each comparison, from which we
compute the mean and the standard error of the mean (SEM).

To study convergence, we report results as a function of the number of calls to
the objective function, rather than in terms of VQA iterations. For fairness, we com-
pare the VQA after nevals evaluations with the best approximation ratio achieved by
sampling or greedy local search within the same budget of nevals evaluations.

We begin by analyzing the performance of the VQE using the RealAmplitudes
ansatz and the hyperparameters summarized in Tab. 1. Figure 3a shows the approx-
imation ratio achieved as a function of the number of objective function evaluations,
and Fig. 3b reports the corresponding success probability.

For problem size 11, we observe approximation ratios close to one and success
probabilities well above 75%. However, when comparing against classical baselines,
these metrics prove misleading. Figure 4 contrasts the VQE with sampling and greedy
local search.

In particular, for problem size 11, the high approximation ratio seen in Fig. 3(a)
does not reflect a genuine advantage, since VQE performs no better than random
sampling. A similar behavior appears at size 21, where VQE performs worse than
sampling except at very early stages. As shown in Fig. 4b, after roughly 75,000 eval-
uations VQE outperforms sampling on about 60% of instances, which corresponds to
an average improvement in approximation ratio of only ∼0.005 (Fig. 4a). At around
150,000 evaluations, the two methods perform equally well on average, and for larger
budgets, sampling consistently surpasses VQE.

For larger problem sizes, a different picture emerges. Once the number of computa-
tional basis states exceeds 230, the performance of random sampling degrades rapidly.
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(a) Average approximation ratio achieved by
VQE for the Max-Cut problem on 3-regular
graphs of varying sizes. Error bars (SEM) are
smaller than the markers and therefore not
visible.
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(b) Probability of obtaining the exact solu-
tion, shown with mean and 95% confidence
interval. The success probability decays
rapidly with system size, making it informa-
tive only for small problems.

Fig. 3: Standard performance metrics for VQE applied to combinatorial optimization.
Results are evaluated after every VQE iteration (lines), with markers added to indicate
selected reference points and to display uncertainties clearly. This style of showing
continuous results with lines and selected markers is also used in the following plots.

For problem size 31, the VQE outperforms sampling on roughly 95% of instances, cor-
responding to an average improvement in approximation ratio of about 0.05. For sizes
above 40, VQE consistently performs better than sampling after about 105 objective
function evaluations.

We then turn to the greedy local search described in Sec. 3.5. As a fair base-
line, we compare the VQE to the stronger of the two classical heuristics by defining
αClassic = max(αSampling, αGreedy). In practice, sampling only outperforms greedy for
problem size 11 and during the early stages at size 21; otherwise, greedy dominates. For
larger problem sizes, a characteristic behavior emerges: the greedy algorithm quickly
converges to local minima and initially achieves better approximation ratios than VQE.
Over time, the VQE slowly catches up and eventually converges to better local minima
on average. The evaluation count at which VQE matches greedy increases with prob-
lem size—from roughly 100,000 evaluations at size 31 to about 600,000 evaluations at
size 61. The maximal advantage of VQE over greedy, however, decreases with problem
size. For size 31, VQE achieves a higher approximation ratio than the greedy algo-
rithm on up to 75% of instances, corresponding to an average improvement of about
0.025. By size 61, this drops to around 60% of instances and an average improvement
of only about 0.005. These trends are illustrated in Fig. 4c and Fig. 4d. This suggests
that although VQE can surpass greedy search, it does so only after substantially more
evaluations, and its relative advantage diminishes as problem size increases.

We next analyze the performance of VQAs on random QUBO instances, intro-
duced in Sec. 5.3. The results are shown in Fig. 5. Compared to Max-Cut, VQAs
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(a) Difference in approximation ratio
between VQE and sampling.
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(b) Probability that VQE outperforms sam-
pling.
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(c) Difference in approximation ratio
between VQE and the best of sampling and
greedy local search.

0 0.2M 0.4M 0.6M 0.8M 1M

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

(d) Probability that VQE outperforms the
best of sampling and greedy local search.

Fig. 4: Performance comparison of VQE against classical baselines on Max-Cut
instances. Panels a and b show the difference in approximation ratio and success prob-
ability relative to sampling with replacement. Panels c and d present the same metrics
relative to the stronger baseline given by the better of sampling and greedy local
search. Different markers indicate problem sizes, and lines connect data points as a
guide for the eye.

achieve markedly higher approximation ratios: values remain close to 1 even for prob-
lem sizes up toN = 41, whereas for Max-Cut the approximation ratio already degrades
significantly at much smaller sizes. However, the apparent improvement is mislead-
ing. Random QUBO instances are also easier to approximate with classical heuristics,
and the greedy local search performs strongly. As a result, the probability that VQE
achieves a better approximation ratio than the greedy baseline never exceeds 50%
across all sizes studied. Thus, although VQAs appear more successful on QUBO than
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(a) Average approximation ratio achieved by
VQE on random QUBO instances, reaching
values close to 1 up to size 41.
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(b) Fraction of instances where VQE outper-
forms the best of sampling and greedy. This
fraction never exceeds 50%.

Fig. 5: Performance of VQE on random QUBO instances. While the approximation
ratios are higher than for Max-Cut, the problem is also easier for simple classical
heuristics, leaving no consistent advantage for VQE.

on Max-Cut, they do not provide a genuine advantage over simple classical meth-
ods. This underscores the importance of selecting problems with established hardness
of approximation, such as Max-Cut, when assessing the broader significance of VQA
performance.

5.2 Scaling behavior with system size and comparison of
different ansätze

After this detailed analysis of the VQE with the RealAmplitudes ansatz, we return
to the Max-Cut problem and analyze the impact of variations in circuit structure
and cost function, as well as a comparison to ma-QAOA, an alternative paradigm for
constructing problem-specific circuits introduced in Sec. 3.3. Specifically, we compare
the performance of (i) the RealAmplitudes ansatz with the CVaR coefficient γ = 1,
corresponding to the full expectation value, (ii) the same circuit with γ = 0.1, (iii) the
EfficientSU2 circuit with the CVaR cost function, and (iv) a single layer of the ma-
QAOA ansatz. The convergence of the approximation ratio for these four algorithms,
both in isolation and relative to the classical baselines, is shown in Fig. 6 for a fixed
problem size of 41. This comparison provides a representative case study illustrating
how the choice of ansatz and cost function influences performance.

We find that the choice of CVaR parameter has a noticeable effect: using γ = 0.1
yields consistently higher approximation ratios than γ = 1.0 (the full expectation
value), while the convergence rates remain similar. The EfficientSU2 ansatz converges
more slowly but eventually reaches a slightly higher approximation ratio than the
RealAmplitudes circuit. These differences are more clearly visible in comparison to
the classical baselines than in the raw approximation ratios, underscoring the useful-
ness of our benchmark. Overall, the two hardware-efficient circuits behave similarly,
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(b) Fraction of instances where each VQA
achieves a higher approximation ratio than
the classical baseline. The best hardware-
efficient circuit outperforms the baseline on
about 70% of instances, whereas ma-QAOA
remains close to 0%.

Fig. 6: Comparison of different VQA variants for Max-Cut at fixed problem size N =
41. The choice of ansatz and cost function affects performance, with hardware-efficient
circuits consistently outperforming shallow problem-inspired ma-QAOA.

whereas the single-layer ma-QAOA—which already exceeds the depth of the hardware-
efficient circuits—performs substantially worse, with approximation ratios below 0.9
compared to about 0.95 for the hardware-efficient circuits. This gap is also evident
in the probability of outperforming the stronger classical baseline: the best hardware-
efficient ansatz succeeds on roughly 70% of instances, while ma-QAOA stays close to
0%. It is worth noting, however, that deeper ma-QAOA circuits have been shown to
achieve significantly improved performance [40], suggesting that additional depth may
be required before problem-inspired ansätze outperform shallow hardware-efficient
circuits.

After analyzing the convergence behavior of the different algorithms, we now exam-
ine their scaling with problem size in comparison to classical baselines. Fig. 7a reports
the average difference in approximation ratio between the quantum algorithms and
uniform random sampling, while Fig. 7b shows the corresponding probability of achiev-
ing a better approximation ratio. The same metrics are shown relative to the stronger
classical baseline—the better of sampling and greedy local search—in Fig. 7c and
Fig. 7d.

The results reveal a distinct scaling behavior with respect to sampling. For
hardware-efficient circuits, the fraction of instances converges to 1 for both choices of
the CVaR coefficient γ, indicating a clear advantage over random guessing for Max-
Cut instances with more than 30 vertices. Below this regime, the performance is largely
indistinguishable from random sampling, with the fraction of favorable instances
barely exceeding 0.5. By contrast, for the ma-QAOA ansatz the metric converges to
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(b) Probability of outperforming random
sampling.
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(d) Probability of outperforming the
stronger classical baseline.

Fig. 7: Scaling behavior of VQAs compared to classical baselines for Max-Cut. Pan-
els (a)–(b) show comparisons to uniform random sampling, while panels (c)–(d) use
the stronger baseline defined as αClassic = max(αSampling, αGreedy).

approximately 0.5, suggesting performance that is statistically indistinguishable from
random guessing.

The performance relative to the greedy baseline exhibits a similarly distinct
trend. First, the advantage over greedy local search increases with problem size. For
hardware-efficient circuits with a suitable CVaR coefficient of γ = 0.1, the advan-
tage peaks around 40 variables, where the VQAs outperform greedy local search on
roughly 70% of the instances. Beyond this point, however, the performance decreases
for larger problems. The ma-QAOA ansatz also shows a peak improvement at inter-
mediate problem sizes, but the fraction never exceeds 0.3 and drops to 0 for the largest
instances.
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(a) Correlation between VQE and sam-
pling. The performance of sampling depends
strongly on problem size.

0.88 0.9 0.92 0.94 0.96 0.98 1

0.8

0.85

0.9

0.95

1

(b) Lack of correlation between VQE and
greedy. The average performance of the
greedy algorithm remains constant across
problem sizes in this regime.

Fig. 8: Binned statistics of the approximation ratios of sampling and the greedy algo-
rithm as functions of the VQE approximation ratio. Error bars indicate the standard
deviation within each bin. The dashed black lines correspond to perfect correlation
with slope one.

5.3 Instance-wise performance correlations

As a final step of our analysis, we move beyond average-case performance and inves-
tigate correlations between the algorithms on an instance-by-instance basis. In Fig. 8,
we show the approximation ratios achieved by sampling and by the greedy algorithm
as functions of the approximation ratio obtained with the VQE using the RealAm-
plitudes ansatz and the hyperparameters summarized in Tab. 1. We employ binned
statistics as described in Sec. 2.2 and restrict attention to the regime where the VQE
outperforms the worst-case guarantee of the classical GW algorithm. To avoid mis-
leading artifacts, we exclude problem sizes 11 and 21, for which the VQE performs
strictly worse than both sampling and greedy search. For comparisons with the greedy
algorithm, both methods are initialized from the same starting points as explained in
Sec. 3.5.

The approximation ratios of sampling and the VQE exhibit a mild correlation that
depends on the problem size. This is expected, since sampling is an integral component
of the VQE algorithm. As sampling does not rely on initial points, its varying per-
formance directly reflects the instance-dependent sampling hardness of the randomly
generated Max-Cut problems. Intuitively, sampling performs better for instances with
many near-optimal solutions in the objective landscape. However, its performance
decreases rapidly with problem size across the full range of VQE approximation ratios,
and the observed correlation weakens correspondingly. This suggests that the variance
in instance hardness with respect to sampling diminishes as problem size grows. By
contrast, the variation in VQE performance is primarily attributable to differences in
initialization.
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A completely different picture emerges when comparing VQE with the greedy
algorithm. The standard deviation of the greedy approximation ratios within each
bin is comparable to the entire range of ratios considered, indicating an absence of
meaningful correlation between the two methods. This suggests that VQE and the
greedy algorithm exploit fundamentally different mechanisms. Moreover, the average
approximation ratio achieved by the greedy algorithm remains essentially independent
of the problem size for the instances shown in Fig. 8.

6 Discussion and outlook

In this study, we have conducted extensive numerical experiments to establish intuitive
benchmarks for VQAs beyond proof-of-principle demonstrations. For small instances
of the widely studied Max-Cut problem on 3-regular graphs, we observed that ran-
domly sampling solutions already yields high approximation ratios. This highlights
the importance of performing resource-aware comparisons between VQAs and sam-
pling in this regime. For the specific VQAs considered in our study, we found that
they outperform random sampling only for problem sizes larger than approximately 30
variables. This implies that probing larger problem instances is essential for drawing
meaningful conclusions about algorithmic performance. Advanced simulation meth-
ods, such as tensor networks, make it possible to simulate shallow quantum circuits
with many qubits at reasonable computational cost, and thus represent a valuable tool
for enabling such studies.

Another intuitive benchmark is provided by comparisons to fixed rule-based heuris-
tics. In our study, such rules define a greedy algorithm that achieves a nearly constant
approximation ratio for larger problems. This behavior effectively bounds the regime
in which VQAs may offer an advantage: the performance of random sampling defines
a lower baseline, while the performance of the greedy algorithm provides an upper
reference. By initializing the greedy algorithm from the same starting points as the
VQE, as described in Sec. 3.5, we demonstrated that good initializations for the VQE
are not necessarily advantageous for the greedy algorithm. For alternative approaches
to finding suitable initial points for VQAs, we refer the reader to [48].

Ultimately, the practical utility of an algorithm is determined by its economic
efficiency, defined by the quality of its solutions relative to the time and financial
resources required. At present, benchmarking VQAs in this way, as is common for
state-of-the-art classical solvers, is not yet feasible. This is partly due to limited access
to sufficiently powerful hardware, but more importantly because algorithmic develop-
ment is still in its early stages and current VQAs are not competitive. For this reason,
our benchmarks focus on performance comparisons under a fixed budget of objec-
tive function evaluations. Such comparisons provide a hardware-independent measure
that highlights strengths and weaknesses of different approaches and can help guide
algorithm design in the right direction. We emphasize that the benchmark instances
typically used in the quantum computing literature are trivial for commercial classical
solvers. Nevertheless, VQAs remain an early-stage approach within the rapidly evolv-
ing field of quantum computation, where progress is ongoing in both algorithmic design
and hardware capabilities. We hope that our work contributes to the development of
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meaningful benchmarks for quantum algorithms that extend beyond proof-of-principle
demonstrations.

Importantly, our benchmarks remain relevant even for future quantum algorithms
that could achieve a computational advantage, since a broad class of heuristic quan-
tum optimization methods ultimately rely on repeated measurements and evaluation
of the objective function. In addition, while in this work we compared against only two
simple classical baselines—random sampling and a greedy local search—the bench-
marking framework can be straightforwardly extended to include more elaborate
classical heuristics. This flexibility ensures that evaluation-based benchmarks can con-
tinue to provide fair and informative points of reference as both quantum and classical
algorithms advance.

An important direction for future work is the incorporation of noise into bench-
marking studies. The impact of noise on the training of VQAs has been the focus of
significant recent research. For general VQA settings, it has been shown that noise can
exacerbate barren plateaus and thereby severely limit trainability [49]. In the specific
case of QAOA, noise has been found to counteract the benefits of increasing circuit
depth, preventing performance improvements that would otherwise be expected in the
noiseless setting [50]. At the same time, strategies such as error mitigation [51], mod-
ified cost functions for quantum approximate optimization [52], and circuit designs
tailored to hardware constraints [53] are being actively developed to counteract these
effects. Our benchmarks are defined in terms of objective function evaluations rather
than physical runtime, which makes them naturally applicable in noisy scenarios.
Runtime studies are valuable, but they depend strongly on hardware-specific factors
such as gate fidelities, qubit connectivity, and the overhead introduced by error mit-
igation. Since these aspects vary widely across platforms and continue to improve
rapidly, runtime comparisons between quantum and classical solvers are inherently
hardware-dependent. By contrast, counting objective function evaluations provides
a hardware-independent measure of algorithmic efficiency that isolates the intrinsic
strengths and weaknesses of different approaches. This perspective can already guide
algorithm design today and, once reliable quantum devices become available, can be
complemented by runtime studies to provide a complete picture of performance.
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