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1 Introduction

In Analytic Number Theory, a large sieve inequality is an inequality that provides a non-
trivial estimate for an exponential sum, with respect to the mean square of the coefficients.
Large sieve inequalities are important, for example, in the study of averages of exponential
sums, and spectral sums in general. A representative example is the following:

Theorem 1 (Bombieri, [3]) Let (a,), be a sequence of complex numbers and let
X1, ..., %R € R/Z be such that ”xu — Xy || > § for every u # v and some § > 0, where ||x||
denotes the distance of x from the closest integer. Then,

R 2

Y apeim | < (N+687Y) Y laul®.

v=1 |[n<N n<N

Of particular interest in modern analytic number theory is the harmonic analysis in I"\ H,
where I' is a Fuchsian group of the first kind and H = {z =x+iye (C| y > O}, the upper
half-plane. An example of a large sieve inequality in this setting is the one introduced
by Jutila in [17]. This was used by Nordentoft—Petridis—Risager in [20], to study the
mean square of shifted convolution sums for Hecke eigenforms. In [4] and [5], Chamizo
considered another large sieve inequality for '\, more closely related to our work. We
now describe the setup for his work.
We denote by b, the space of L%(H)- functions that transform as

F(yz) = j;"(2)F(2)
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b
under I', where for y = (ﬂ d) we have
c

. cz+d
PO T
Let
) 32 2 ) 9
Dm =Yy <W + 3_3/2> — 2lmya

be the Laplacian in b,,. Here, L?(H) is the space of functions f such that (ﬁ f ) finite, where,
for f, g such that f - g well-defined in I"'\H], we define

E— d
(f g) = /F\Hf(Z)-g(Z) 4

2
Fix a real-valued orthonormal ho-eigenbasis (u(), j)/ with respect to Dy, with corresponding

dx
y

eigenvalues (Aj)j. Let also E, (z, s) denote the Eisenstein series with respect to the cusp a
(see [16, (3.11)]). Chamizo proved the following theorem.

Theorem 2 (Chamizo, [4]) Let z € T'\H. Let (a,), be a sequence of complex numbers,
and, for every cusp a, let aq(t) be a continuous function. Furthermore, let T, X > 1 and
X1 .. %R € [X, 2X]. If %y — x| > 8 > O forv # p, then

R . T 2
SIS g ugje) + = / aa(Ox" Eq(51/2 + it) dt| < (T2+XT5—1)||a|\§,
41 —-T
v=1"'j5<T a
where
2 1 T 2 1/2
talle = (X lal+ o §a:/T a0 dr) "

IGH1<T

Sums involving the exponential X% appear in the error term of hyperbolic counting
problems, when estimated using spectral methods. When improvements in upper bounds
for the error term are very difficult, we often consider its mean square instead. One famous
example is the error term of the prime geodesic theorem. Cherubini and Guerreiro in [8]
proved an upper bound for the mean square error of the prime geodesic theorem. Balog
et al in [1] improved their result.

Large sieve inequalities involving the exponential X% are used in the study of the mean
square of such error terms, as they provide cancellations when averaging over different
values of X. In particular, Chamizo uses Theorem 2 to provide upper bounds for the
mean square of the error term in the classical hyperbolic lattice-counting problem (see
[5, Prop 2.1, Cor 2.1.1]). Theorem 2 has also been used by Chatzakos—Petridis to prove an
analogous upper bound for the mean square error term in the hyperbolic lattice problem
in I'1\I"' /Ty, where I'1 and Iy are a hyperbolic and an elliptic subgroup of T" respectively
(see [7, Thm 1.2]). Both of these problems are cases of the nine double-coset hyperbolic
counting problems studied by A. Good in [10]. In this paper, we prove a family of new
large sieve inequalities for periods of Maass forms, that will be crucial in upcoming results
for the mean square error term in the case when I'; and I'; are both hyperbolic.

We define the Maass raising operators by

0
K,=0z—-2)—+m
0z
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It can be shown that K}, maps b, to h,+1 (see [21, p.308]). Furthermore, for any m, the
functions (um,j)], defined recursively by

i

Umtl) = —F————
JA+m? 4+ m

form an orthonormal b,,-eigenbasis for D,, with the same corresponding eigenvalues (see

Kt

[9, p. 146, eq. 11]). In a similar manner, we define
i

V1/A+2 +m?+m

Ewo(z 8):=Eq(zs), Eaqm+1(z s):= - KyEam (% 8).

Let I'; be a hyperbolic subgroup of I', fixing the geodesic / in I"'\H. We further define the
periods

ﬂm,j = '/lvum,/(z)ds(z)) Ea,m(s/) = /lEa,m (Z) S/) dS(z)’
where ds(z) is the Poincaré metric defined by
ds(z)? =y 2 (dx* + dy?).

We prove large sieve inequalities analogous to Theorem 2, with weights #,,; instead of

uo,j(2).

Theorem 3 Let m be a non-negative integer. Let T, X > 1 and xy,...,xg € [X,2X]. If
ey — x| > 8 > 0 forv # u, then

R T
it 1 o . 2 _
) ( S ajx’vt’um,,+g§ f aa(t)x’vtEa,m(lﬂ—l—lt)dt‘ < (T +Xx67)jal%
-T
v=1 ||<T a

where the implicit constant depends on the geodesic segment | and the group T.

Remark 1 As we prove in Sect. 4, it is easy to show the relations

. m24+m+2x
Bmtaj = — b js
2] m243m+2+4 "

. m2+m+s(1—s) .
E = — E . 1
a,m+2(5) \/le F3m+2+s(l—s) a,m(s) (1)

It follows that it is enough to prove the theorem for m = 0 and m = 1.

1.1 Preliminaries
By conjugating the group, we assume that / lies on the imaginary axis, which we denote
by I. We denote by len(/) the hyperbolic length of /:

len(/) := /1 ds(z).
l

For z = x + iy € C, we define the Huber coordinates (u, v) as follows:

u(z) =loglz|, v(z) = —arctan <3—C>,
y

or, equivalently,

x=—€"sinv, y=-e"cosv.

Page 3 0f 19
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We note that, for y diagonal, we have
u(yz) = u(z) +loga,

where A is the norm of y, and
v(yz) = v(z).

Note further that v(z) can be interpreted as the anticlockwise angle formed between
z = ie**" and the positive imaginary axis. The following two transforms are used in the
study of the hyperbolic-hyperbolic case of the double coset counting problem:

O [2 1 1 s 1—-s 1
t (f)_/o cos2vf(cos—2v 2h 2’T’2 —tan®v a, @

7 tan?v 1 s+12-s 3
AV = / = ——) . F , ;= —tan’v ) dy, 3
¢ ) o cos? vf cos2v) P\ T2 2 2’ @)

where s = 1/2 + it. In this paper, instead of using the formulas (2) and (3) directly, we

express dio) and d;l) in terms of the Selberg/Harish-Chandra transform (see the proof of
Proposition 1).

The transform d;o)(f ) is called the Huber transform of f, and it appears in the spectral
expansion of the Huber series A(O) (2) (see [15, eq. (4),(26)]), defined by

A= 3 f(cosz vy )))‘

yel\I'

This is an automorphization of f composed with 1/ cos? (v(z)), with respect to I'1\T', where
1/ cos? (v(z)) is associated to the hyperbolic distance of z from the imaginary axis, p(z, I),
via the relation 1/ cos? (v(z)) = cosh? p(z, I). Huber in [15] and Chatzakos—Petridis in [7]
study the elliptic-hyperbolic double coset counting problem using the spectral expansion
of the Huber series. The first author in his thesis [18] used this spectral expansion to find
a relative trace formula, which he used in the study of the hyperbolic-hyperbolic double
coset problem.

On the other hand, the transform dil)(f ) appears in the spectral expansion of the series
A (2), defined by

M) _
Af (2) == y;l\r tan (v (y2))f (C052 v (yz))) .
In [22], the second author proves a refined version of the hyperbolic-hyperbolic double
coset counting problem, using the spectral expansion of A}l)(z). This refined version is
important for certain arithmetic applications regarding totally real quadratic fields. Such
applications have also been studied by Hejhal in the series of papers [12—14], without
detailed proofs.

In particular, we have the following spectral expansions.

Theorem 4 ( [7,22]) Assume that T is a Fuchsian Group of the first kind. For f a con-
tinuous, piecewise differentiable function with exponential decay at infinity, we have the
Sfollowing spectral expansions:

(0) (0) (0)
(a) = 22(,1 Mo,uoj ZZTL’ [1/2) (fEaO EuO(Z; s)ds,
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(b) Aj(rl)(z) = 22 \/)T]d;/l)(f)ftlllu(),,(z)
j

T /(1/2) Vs(1=9) - d" () Eq (5) Eao (2 s)ds

Remark 2 We note that, while #;;(z) is not necessarily real-valued over C, the periods
ir1,j always are. Indeed,

@ = Kooy 2) = = cos (L i) uoy2
u,j(z) = —=Koup,j(z) = —=cosv| — —i— i(z

Y VA 0707 VA du  av)

and, hence, by periodicity of ugj(z) with respect to the parameter ,

len(/) “12 len(/) P
= /ul,,-(z)ds(z) = / u1j(z) du = kj / —u,j(2) du,
l 0 0 av

is real, as uq,j(z) is real valued. The lack of conjugating the second factor in the spectral
expansions is, therefore, justified.

A main ingredient in our proof is the following pair of relative trace formulae, used in the
study of the hyperbolic-hyperbolic problem in [18] and [22].

Theorem 5 (Relative Trace Formulae [18,22]) Let f be a real, continuous, piecewise
differentiable function with exponential decay. Let ¢ be equal to 1 if T has an element with
zero diagonal entries, and 0 otherwise. Then, we have

@ (+ef@len®)+ > @ByENH= 2) d ("G,  +E),
yel\I'/T1—id j

®  Q-eylen®+ Y @@= 23 xdP(id; +EV),
J

yel\I'/T1—id
where B(y) = ad + bc, len(l) is the hyperbolic length of I,
> fE+Y) e fw)  ar
Vmax(2-1,0) Va2 +1 — u? max(u21) VE— 2 NE—1
quf)=u-g (u;f + Zm-f’),

go(u;f) =2

and

i » 2
) ==Y o [ a0 s
a

i A 2
EVf) =~ Y o /( P 94V () |Ear ()] ds.
a

Proof For the proof of (a), for I' cocompact and ¢ = 0, see [18, §3.1]. The general case is
similar. For the proof of (b), see [22, §3, §8]. O

Remark 3 It is worth noting that in the case ¢ = 1 the second part of the theorem is
trivial, as both sides of the equation are identically 0. We can see this by considering the
automorphism y <> y'y, where y’ has zero diagonal entries.

Remark 4 For |B(y)| > 1, the quantity cosh™ B(y) is the hyperbolic distance of / from
y - I. The case |B(y)| < 1 corresponds to the cases where [ and y - [ intersect. See for
example [19, Lemma 1].
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Remark 5 Itis worth noting that the first relative trace formula does not take into account
the sign of B(y), where the second one does. The sign of B(y) specifies the direction of
y -1 and is importance, for instance, for certain arithmetic applications. For more details,
see [22].

1.2 Summary

In Sect.2, by writing the series AJ(,O) (z) and A}l)(z) in terms of integrals of automorphic
kernels (Lemma 1) and, using known properties of the spectral coefficients of such kernels,
we deduce inversion formulas for f in terms of dt(o)(f ) and dt(l)(f ) (Proposition 1). We use
these inversion formulas to deduce Lemma 2, a pair of useful upper bounds for f with
respect to dt(o)(f ) and d;l) (f) respectively. In Sect. 3, we use Lemma 2 to establish some
technical estimates that will be used later. In Sect. 4, we follow an argument similar to
Chamizo [4] to finish the proof of Theorem 3. We use the relative trace formulae from
Theorem 5 for particular choices of d;o)(f ) dt(l) (f), and the bounds established in Sect. 3.

2 Inversion formulae
In this section we explain the relation between the transforms d;o)(f ) dt(l)(f ) and the
Selberg/Harish-Chandra transform. We use this relation to derive inversion formulas for
f in terms of 4 (f) and A (f).
Consider the automorphic kernel
Kz w) = Z k(yz w),
yel
where k(z, w) := k(u(z, w)) is a function of the fundamental point pair invariant,

|z —w|?

waw) = S

Define
F(z; 0 k)= / K(z e w)ds(w).
1Ty

We will show that, for k an appropriate transform of f, every Huber series A}O)(z) can be

written in the form F(z; 0| k) and vice versa. Similarly, we show that every series A}l)(z)
can be written in the form F'(z; 0 | k), where the derivative is taken with respect to 6.

Lemma 1 For every z € H, we can relate the series A}o) (2) and Aj(,l)(z) to integrals of
automorphic kernels in the following way.

(a) We have
A}g) (2) = F(z; 0| ko), (4)

where fo and ko are continuous, piecewise differentiable functions with exponential
decay at infinity related via the formula

00 x—1 dx
=2 Th(57) e p21 6
N/ 2 x2—p
and, conversely,
2u41 [t d
ko) = — f o) ——r (6)
T (2u+1)2 Vp— Qu+1)?2
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(b) We have
A @) = F'(z 0| k), (7)

where fi and ki are continuous, piecewise differentiable functions with exponential
decay at infinity, related via the formula

too e —1 dx
i = [ K <—) = =1 ®)
N 2 x2—p
and, conversely,
dy +2 [T d
G =2 [ =T, ©)
T (Qu+1)2 Vp— Qu+1)?2

Proof We have:

F(z;0|k) = Z Z f k(u(yz yo_leiew))ds(w)

yel\T yoery *1/T1

= > / k(u(yz e?w)dsw) = Y k(yz; 0),

yernr ! yel\I

where

k(z; 0) := /I‘k(u(z, e w))ds(w) = /0+00 k(u(z, ieiet))%.

Writing z = x + iy, we have

B (x + tsin@)? + (y — t cos 6)?

u(z i) =
( ) 4yt cos 6
2 2
t 1
—(Z —Zy -l+—>-sec9+£tan0——.
y 4t 4y 2y 2

In particular,

2 4 .2
¢ 1 ;
ud 4;)’ e +— ==, —ulzie’t)
y 4 4y 20 00

x 1
= — = ——tanv(y)
5 tanv(y)

u(z it) = %
0=0

For (a), setting r = t/y, we have
N +00 1\ d
k(z;0)=/ k(£+f——)—r,
0
where p = p(z) = (x* 4+ ¥%)/y* = 1/ cos? v(z). Hence, for fy(p) := ko(z; 0), we have

A}?(z) = F(z; 0] ko).

We are now left to verify the conversion formulae (5) and (6).
Under the change of variables u = (p/2r + r/2)? and x = /u we get

Foo Ju—1 du Foo x—1 dx
ﬁ’(”)zfp k"( 2 )ﬁw——p:zﬁ "°<T>xz—_p’

as required. Using the inversion formula for Weyl integrals from [16, Eq. 1.64,1.62], we

12 Ju—1 z_l too dv
u "0( > > <), V=

have



73 Page 8 of 19 D. Lekkas Res. Number Theory(2024)10:73

In other words,

2u+1 dv
ko(u) = — (V) ee— ——.
0() b4 /(2u+1)2fo(V) v — (2u + 1)2

For part (b), setting once again r = ¢/y, we have

1 0 d
=——tanv(z)/ K (£+£__> a
6=0 2 0 r 4 2) r
Hence, for

1 [* p r 1\dr
== Kl=+--=)—,
AP) 2/0 (1<4r+4 2) p

we have

a—gk(z,@)

A}ll)(z) = F(z; 0 k).

The conversion formulae (8) and (9) follow in a similar manner as in part (a).
O

The spectral expansion of F(z; 0| k) and F'(z; 0| k) can be easily deduced from the
well-known spectral expansion of K(z, w) (see [16, (7.17)]). In particular, let /() be
the Selberg/Harish-Chandra transform of k (see [16, Eq. 1.62]). We have that

F(z 0k) = th(t,)uo,uo, Z e /1/ hi(£)Eq0 (5) Eq (2 5)ds,

Fi(s 01K) = fhkt, Yyt 2 2471/1/2 S0 = 5) e (OFa1 () oo (G 5)ds.

We combine these spectral formulas with Theorem 4 and equate the spectral expansions
of the two sides of the equations (4) and (7) from Lemma 1. We then use the inversion
formula for /i (see [16, Eq. 1.64]) to prove the following inversion formulae for d;o)(f )
and d(f).

Proposition 1 Letf a continuous, piecewise differentiable function with exponential decay
at infinity, d;o)(f) and d;l)(f) as in equations (2) and (3) respectively, and

—2v2 (LW + (R —W)y) /2
LW, R) = V2 [T W+ ( m (10)
T Jo vy —y)
We can recover f from d;o)(f) and d;l)(f) in the following way:
(a) The function f can be written in the form
+00
f(cosh2 w) = / ' (p)I(cosh w, cosh p)dp, (11)
w
where
1 +oo |
w(p) = — / ¢ dO (f)dt. (12)
27 J_o
(b) The function f can be written in the form
+o0
f(cosh2 w) = / «’(p)I(cosh w, cosh p)dp, (13)
w
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where

i (sinh -1 +oo

c(p) = o) f e td ™ (F)dt. (14)
T —00

Proof Using the inversion formula for /; (see [16, Eq. 1.64]), we have

1 [ 4'0)

k(u) = —; ; ﬁd% (15)

where

g(sinh? (p/2)) := ﬁ /_ ::o P h(t)dt.

Using the substitution v = sinh? (p/2), we rewrite this as

v 1 V2 [+ sinhp-q (sinh2 (,0/2))
k =——— dp.
( 2 ) 27 Jeosh™1x \/m

For part (a), take fy = f and ko as in Eq. (6). Equating the spectral coefficients of both
sides of Eq. (4), we deduce that

I (t) = 247 (f),
and, hence,
x—1 V2 [t o' (p)
ko =—— ——dp,
2 T Jeosh ' x y/coshp —x

where w(p) is given by Eq. (12). We now substitute into Eq. (11), giving

+o0 _
fp) = 2/ k (x 1) _dx
Nz 2 x2—p
—2J2 /-i-oo +o0 o' (p) p dx
T N/ cosh™1x y/cosh p —x P \/xZ —p.

Changing the order of integration and letting p = cosh? w, we have

+00
f(cosh2 w) = / '(p)I(cosh w, cosh p)dp,
w
where, for W < R,
—2y2 (R 1
I(W,R) = V2 dx.

T W\/(R—x)(xz—WZ)
Using the substitution x = W + (R — W)y, we have
272 (LW + (R — W)y) /2

T Jo V1 —y)

as required. For the case W = R, we define I(W, W) by continuity.

I(W,R) = ay,

For part (b), we start by differentiating Eq. (15) in the following manner. Using integra-
tion by parts on Eq. (15), we have

k(u) = 2 /-+oo q" (Vv — udv.

Fig
Hence, by Leibniz integral rule,

, _ 1 +0o0 q”(v)
k' (u) = - /u mdv,

73
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which after the substitution v = sinh? (p /2) and u = (x — 1)/2 becomes:

y <x—1)__«/§ +00 sinhp-q”(sinhz(p/Z))d
2 27 Jeoshlx Jcoshp —x &

Take fi = f and k; as defined in Eq. (9). Equating the spectral coefficients of both sides of
Eq. (7), we deduce that

Iy, (1) = 240 (),

and hence, similarly with part (a), we have

+00
f(cosh2 w) = / «'(p)I(cosh w, cosh p)dp,

w

where

2 ' i(sinhp)t [T
() = g/ (sinh (p/2) = = (gGsinh (0/2)) = % [ e

as in Eq. (14).
O

Remark 6 Using the integral representation of the hypergeometric function (see [11,
9.111]), we can show that I(W, R) can be written in terms of a hypergeometric function.
In particular,
11 W —R
I(W,R) = —2W 2 5F (o, o5 1 ——— ).
22 2w
We conclude this section by using the inversion formulae from Proposition 1, to derive
the following estimates.

Lemma 2 Letf, w and k as in Proposition 1. Furthermore, let T (w) := x(w) sinh w. Assume
that, as w tends to infinity, both ©(w) and w(w) tend to zero. Then, for every w > 0, we have

+o0
@ Fleoshw) <l + [ lalpldp
w
l +00
(b) (sinhow- (cosh?w)) < /01 + e + [ Ieolidp,

w
Proof For part (a), applying integration by parts on Eq. (11), we have

+00 By

f(cosh2 w) = —w(w)I(cosh w, cosh w) — / w(p) sinh pﬁ(cosh w, cosh p)d p.
w

On the other hand, we have

dy < W12, (16)

_ 1 _ -1/2 1 ~1/2
HW.R) = 2«/5/ QW + (R — W)y) p / Swoz
T 0 0 Yy

Vy(d—y) 1-y

where we used the fact that

dy =1 < +4o0.

1 1
/0 V1 —y)
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By differentiating Eq. (10) with respect to R and proceeding in a similar manner, we also

have
V2 QW + (R—W)y) >/ L w3
—(WR / W e [y g
Vi —y) 0o Vyl—y)
< W32, (17)
On the other hand,
QW + (R — W)y)~3/?
_(WR f/‘ +( )y)” p
VYL =y
y w2 —1yy—1/2
<</ dy < (R—w)tw=1/2, (18)
o 2W+(R—-W)y vy —y) Y

Combining Eq. (17) with Eq. (18), we have

ol
—(W,R) « R~1w—1/2,
3 R( ) K

We deduce
+0o0

Fleoshw) <l + [ lolpldp

w
as required.

For part (b), applying integration by parts on Eq. (13), and noting that

W, W) = —22 / QW)™ 1/2d —2W 12 / R
1) /7(1 — /7(1 — )
we have
. ) 2 ‘ +00 I
sinhw - f (cosh w) = —m -t(w) — sinh w (p) - 3R (cosh w, cosh p) dp.
w
Therefore,
a /. 9 tanh w 2 ,
o (smhw -f (cosh w)) = m ct(w) — m -T'(w)

Foo oI
— coshw/ (p) - IR (cosh w, cosh p)dp

w

ol
+ sinhw - 7(w) - IR (cosh w, cosh w)

+o0 821
— sinh? w/ 7(p) - (cosh w, cosh p) dp.
w

IWOR
(19)
Differentiating Eq. (17), we have
921 - f 2W + (R — W)y) /2
(W,R) = / 2-9)- ( ( ) dy <« W2, (20)
IWIR N

Applying Egs. (17) and (20) into Eq. (19), we deduce that
iw (sinhw -f (cosh2 w)) < (coshw) 2 (jz(w)| + |7/ (w)])
+ cosh w /+Oo 17(0)| (coshw)™%/% dp
; ~3/2

+ coshw - |T(w)] - (cosh w)

+00
+ (cosh w)? / 17(p)| (cosh w)™>/2 dp,

73



73

Page 12 of 19 D. Lekkas Res. Number Theory(2024)10:73

and, hence:

“+o0

% (sinhw -f (cosh2 w)) L T’ W) + [t(w)] +/ |T(p)|dp.

w

3 Estimates for f

We now use Lemma 2 to establish some bounds for fy and fi, for particular choices
of d;o)(ﬁ)) and d;l)(ﬁ) that will be important in Sect. 4. In particular, the choices of the
transforms are such that dio) (fo) and (1/4 + tz)dgl)(fl) are smoothings of the indicator of
[—T, T times the oscillation factor cos rz. This is analogous to [4, Lemma 3.1].

Lemma 3 . Let T, r be positive with T > 1 and r < 1. Let fo, f1 be functions such that
d;o)(fo) — /4T cos(rt),
1
d}l)(fl) = Fe_tz/”z (1 - e_t2/4) cos (rt).
The following inequalities hold:
(a) (i) Forfo, we have

T.e T°w=r7" 41 for w <2
h2 4 = 25
fO(COS W) < ! T. e_TZ(W_},)Z, fO}" w > 9.

In particular,
fo(l) < Te T’ 41, (21)

(ii) For f1, we have

4 T.e T°w=? 41 for w <2r
. 2 > = >
(sinbw - fi(cosh ) << { T.e T2 4 20023 for > 0y,
In particular,
A <« Te T 41, (22)

(b) Moreover, we can show that, for sinh ™' u > 2r,

oof()(x2 +1) 72,2
i) o Ldx L Te T2 2 23)
/; Vx% — u? (
0 (xfi(x® + 1)) 2,2 >
" -T222 | 22\, -2
i) /M —x2 — dx < (Te +e ) 7 (24)

(c) Furthermore, for u > 1, we have:

) ® fo(x® +1)
i /0 e < (25)

) * (xfi(x® + 1))
i) /0 —m dx < 1. (26)

Proof We start with the estimates related to fo:
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(a)-(i) As
de(fo) = e~ AT? cos(rt),

using Eq. 12 and standard properties of the Fourier Transform (in particular, [2, 3.1.8,
3.2.23]), we have

o) T (e—TZ(x—r)2 n e—Tz(x+r)2)'

N

For x > 0, we deduce
wlx) < Te~T@=1?,

Hence, by Lemma 2 (a),

+00
folcosh? w) « Te T°0 =" T / T 4

w
+00
= Te T?w—17 4 / efyzdy. (27)
T(w—r)
For w > 2r, using Eq. (27) and the fact that, for x > 0, the complementary error function

erfc(x) satisfies

2 +00 ) 2 400 s
erfc(x) := ﬁ_/x e’ d_)/ — ﬁf) ef(eru) du
2 +o0
= T e / e dy = e_xz, (28)
T 0
we have

fo(cosh2 w) K Te—T>(w=r)? + o~ T2 w=r)?
<« Te P07, 09)

On the other hand, for w < 2r, Eq. (27) gives

folcosh? w) <« Tem T 4 1, (30)

(b)-(i) For u > sinh 2r, using Eq. (29), we have, for every x > u,
fo(x2 )< Te—T2(smh—1x—r)2 < Te=T°r/2 . e—Tz(sinh_lx—r)z/Z‘ 31)
On the other hand, for x > 1,
T%(sinh ! x — r)2/2 > T?(sinh ' x)%/8 > (logx)? /8,
giving
fo(x2 )< Te=T°r/2 . e—(logx)Z/S < Te T2 2
It is easy to see that this bound is still valid if x < 1. Indeed, in that case, Eq. (31) gives
fo(x2 +1) <« Te—T2r2/2 . e—Tz(sinh’lx—r)z/Z
< Te~T°1°/2 <« Te~T°7%/2 . 42,

Hence,
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“+00 2 1 +oo 1
f P&+ o T2 / .
u x2 — y? u  x2x? —ul

= Te "2 y2. /+00 _ dy
1 2P —1
< Te T2 2, (32)
as required.

(c)-(i) Finally, foru > 1,

/+°°fo(x2 +1) /+°° folx* + 1)
———dx K ————

0 Va2 + u? 0 x2 41

Using Eq. (30) for 0 < x < sinh 27 and Eq. (29) for x > sinh 2r,

+ 2 inh 2 +
/ JRiah YR f T f T T ey,
0o x4 u? 0 0 x2+1

dx.

—+00 ) 2
L14+T / e T gy « 1, (33)
0

as required.

For the case of f, we note that

. ptoo it 1 — —t/4
(p) = — et td "V (f)dt = — eirte=IAT? [ 276 ) o5 (rt) dt.
t

T J s 21 J_ o t

Using standard properties of the Fourier transform (in particular, [2, 3.1.8, 3.1.10, 3.2.23]),
we deduce that

t(p) = g (erfe (T (p —r)) — erfc (B(p — 1))
+erfc (T (o + 1)) — erfc (B(p + 1)), (34)

where B =T /T2 +1 =1+0(1). Using the inequality (28) for x > 0, we have, for p > r,

() < e THp=)? 4 o=2p—1)?/3, (35)
On the other hand, as erfc(x) is bounded, we have

t(p) € 1, (36)
for every p > 0. Furthermore, differentiating Eq. (34) gives

(p) = — % (Te—Tz(p—n2 _ Be B 0P - TXo)? _ Be—32<p+r)2),
and hence

7'(p) < Te~T?0=r) 4 g=200-1)"/3, (37)

(a)-(ii) Using Egs. (35) and (37), Lemma 2 b) gives that, for w > r,

/
(sinh w-fi (Cosh2 w)) & Te TPw=1)" 4 p=20w=r)?/3

oo 72 2 2 2/3
+/ (Te— (=P 4 g=2p—1)/ )dp
w

< Te—Tz(w—r)2 + e—2(w—r)2/3)
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as required.
On the other hand, for w < r, by Egs. (35), (36) and (37), Lemma 2(b) gives

’ r
(sinhw f (Cosh2 w)) & Te TPw=r 4 g=2w=r)/3 4 4 —i—/ 1dp

w
oo 72 2 2 %/3
+/ (Te* (=17 4 g=2p—1)/ )dp
r
< Te~T°w—1)? + 1+ r + erfc(0) <« Te~T°(w—1)" +1,
as required.

(b)-(ii) and (c)-(ii) follow from (a)-(ii) in the same manner as (b)-(i),(c)-(i) followed from

(a)-(i). O

Remark 7 Alternatively, the result can also be proved by applying [6, Lemma 5.1] to

Lemma 1.

4 Proof of the sieve inequality
Applying the relative trace formula [18, (3.2)] for the function f of Lemma 3, and using
Lemma 3, we now prove Theorem 3.

Proof of Theorem 3 We first derive Eq. (1), from which it follows that it is enough to prove

the cases m = 0and m = 1. Let ¢;,, := ,/A; + m? + m. By definition, we have

Cmt1Umta) = Kni1mi1). (38)
On the other hand, by [9, eq. (3)&(8)], we have
CmUm,j = i[(fmfluerle (39)
Adding eq. (38) to eq. (39), and using the fact that
. ] . d
Kpii=iy|l ——i— |+ (m+1),
X y
we deduce that
Cnt1Um+2j + Cmlhmj = Ziya_yuerl,j‘

Hence, integrating along / with respect to ds(z), we have

. N . a
Cmt1imiaj + Cmibmj = /l2ly8—yum+1,j(z)ds(z)

» 9
=2i / —umy1,j(iy)dy
1 9y
= 2i (mg1,j(A - §) — tmyr,j(0)) =0,

where A = exp (len(/)). The last equality follows from periodicity of u,,,1 1 ; in the u variable.
Hence, we have

Cm+lﬂm+2,j =—- Upm,j»

Cm . \/ m? 4+ m+ A
b = —

Cmil m?+3m+2+ A

as required. The relation for the periods of Eisenstein series follows in the same way.
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Form =0, let
X it; 1 r o 2
M=Y| 3w+ -3 [ aalt)l Eaol1/2 4 it) i
v=1 |4|<T a v

By duality there exists a unit complex vector b = (by, by, . . ., br), such that
R it 1 T 2
117 PN it N .
M = (va Z ajx, hoj + s Z / Taa(t)xf,tEa,o(l/2+ it) dt ) )
v=1 |l|<T a -

After changing the order of summation and applying the Cauchy—Schwarz inequality on
the space CK, we get

M < |ja||2M,
where M is defined as
R ) T R
~ iljm 2 1 it . 2
=3y ‘ > b, uo,,«‘ + o > ‘ > ballEqo(1/2+ it)| dt.
lgl<T v=1 TS J-T O

We extend the summation for |¢;| < T and integration for =7 < t < T to the whole
spectrum using smooth weights that approximate the indicator of |£| < T from above. In
particular, we use weights of the form exp(—¢2/4T?2), which decay rapidly at infinity and
are bounded away from zero in the interval [— T, T']. We have

R
. it 12
ML E exp (—tjz/4T2>’ E bvxf,tlﬁo,j‘
j v=1

+o00 R o 2
+) f exp (—£/4T?) ‘ Y byxllEao(1/2+ it)| dt.
a Y7 v=1

After opening the squares and changing the order of summation we get

R

M : °
< |lally pello Ry VX_; S

) (40)

where we define

Sou = Z exp (—tjz/zLTZ) Cos(rmtj)ﬁ%)j
J

. 2
Eqo(1/2 +it)| dt,

+i Z /+OO exp (—t2/4T2) cos (ryvt)
%4 — J—o0
and
rop = |log(wy/x,)| .
Since X < x,,x, < 2X, we get
rou = | log(xy /x,)| < log2

and, for u # v, by the mean value theorem for log x,

|xv_xu| . (j—|—1)3
max (xy,x,) ~ 2X

>

Ty = P (41)
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where j is the number of x;’s between x, and x,. Fixing r = ry,, let S := S,,. From
Theorem 5 a), we have

/ fo (x> + 1)
yerl\F/I‘l i /max(B2(y)—1,0) /42 + 1 — B2(y)

where fj is as in Lemma 3.

S < fo(D)len(!) +

We can partition xy, . . ., xg into finitely many subsets such that each subset lies in an
interval of the form [p’X, pit1X], where p = 14¢, withe > 0asmall fixed number. Hence,
we can assume that ry,, is smaller than any fixed constant (namely, smaller than log p). In
particular, we can assume that there is no y with 1 < |B(y)| < cosh 2r. Therefore, using
Lemma 3, and in particular Egs. (21) and (25), we deduce that

> / G
|B(y)|>cosh 2r VB2 )—1 /22 + 1 — B2(y)

From Lemma 3(b), we have
DR I e .
1B(y) = cosh 2r ¢ VEX )1 V22 +1-By)

Via partial summation, and the fact that # {y e I\I'/T| |B(y)| < X} <« X (see, for
example, [18, Theorem 1.2]), we deduce that

S<«1+Te 7T &

dx « Te /2. Z (B(y) — 1)
|B(y)|>cosh 2r

> / fox* +1)
|B(y)|>cosh 2r VB r)—1 /x2 + 1 — B(y)

and, therefore,

_IOF T g« Te T2,

S« 1+ Te P2,

Hence, for fixed pu,

R R R
_T2,2 _ 20

z :lSMV|<<R+T§ e w2 « 87X+ T E e Triw/?, (42)

v=1 v=1 =1

Furthermore, from Eq. (41), we have

R R—1 ) 2
T8
> e T2 < 14 ) exp (‘% ' (7) )

v=1 j=1

2
<1+ > 1+ > %(%)

j<22X/8T j=>24/2X /8T

X X\ 1
<<1+_+<T8) o5

N~

jzzﬁx/aT]
<<1+X+ X\’ T <<1+X (43)
8T Ts) X 8T’

Combining Eq (42) and (43), we have

R
X
> ISl < 8TIX 4T (1 + ﬁ) <T+87'X
v=1

Via Eq. (40), this concludes the proof of the theorem.
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For m = 1, for simplicity, assume I" cocompact (for the general cofinite case, compare
with the proof of m = 0). In a similar manner as in the case m = 0, let

R . 2
itj
M=) | 2 &',

v=1 |4|<T

Once again, by duality there exists a unit complex vector b = (by, by, . . ., bg), such that

R .
itj
[~
E bv ajxv uL,'

v=1 |4<T

2

After changing the order of summation and applying the Cauchy—Schwarz inequality on
the space CF, we get

M < |la|>M,

where M is defined as

M= Z ‘ Z b,)xf,t /IZLJ

[451<T v=1

In a similar manner as in the case m = 0, we extend the sum interval to the whole
spectrum. In order to apply Theorem 5 b), we need we want weights A; = |t,-|2 +1/4 to
appear. For that end, we modify the smooth coefficients chosen as follows:

5 S (01 1o (1) | S

After opening the squares and changing the order of summation we get

M < ||a]|? , 44
<llall; _max R}ZW (44)

12,..,

where we define

A Y
Sy = Z t—é exp <—tj2/4T2> (1 — exp (—t]-2/4>> cos(rmtj)uij.

i

From Theorem 5 b), we have

0 2 ’
+1
S<AWlend+ >, 2B() / W)
yel\I'/T'1—id max(B2(y)—1,0) /%2 + 1 — B2(y)

where f] is as in Lemma 3. The rest of the proof follows similarly with m1 = 0, using
Egs. (22), (26) and (24) in place of Egs. (21), (25) and (23). O
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