Topological limits to parallel processing capability of network architectures
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The ability to learn new tasks and generalize to others is one of the most remarkable characteristics of the
human brain and of recent Al systems. The ability to perform multiple tasks simultaneously is also a key char-
acteristic of parallel architectures, evident in the human brain, and has been exploited effectively in traditional
parallel computational architectures. Here we show that these two characteristics are in tension, reflecting a
fundamental tradeoff between interactive parallelism that supports learning and generalization, and independent
parallelism that supports processing efficiency through concurrent multitasking. In particular, while the maxi-
mum number of possible parallel tasks grows linearly with network size, under realistic scenarios, their expected
number grows sub-linearly. Hence, even modest reliance on shared representations, which support learning and
generalization, constrains the number of parallel tasks. This has profound consequences on the understanding
the human brain’s mix of sequential and parallel capabilities, and on the development of Al systems that can
optimally manage the tradeoff between learning and processing efficiency.

There is a fundamental tension between two kinds of use
for parallel distributed computing in network architectures.
The first focuses on incorporating a variety of interacting con-
straints in the learning and processing of complex representa-
tions (‘interactive parallelism’). This has been profitably ex-
ploited in theories of human cognitive function [1} 2] and most
recently in the design of “deep learning” artificial systems [3-
S|]. In contrast, a second kind of use focuses on the capacity of
a network to carry out multiple processes independently (’in-
dependent parallelism’). This approach has been exploited by
massively parallel systems used in most modern computing
clusters, and optimized by message-passing systems, such as
MPI [6], that seek to identify and distribute independent com-
ponents of computation.

Recent work has suggested that there is a fundamental
tradeoff between these two types of parallelism that may help
explain fundamental features of human cognitive function[7,
8l]. Take humans for example. On the one hand, we can ef-
fortlessly perform many kinds of tasks at the same time, such
as walking, talking, and responding to our surroundings, all
of which presumably involve extensive simultaneous compu-
tations. On the other hand, we are radically constrained in
our ability to perform other kinds of tasks concurrently, such
as planning a grocery list while simultaneously carrying out
multidigit mental arithmetic. In cognitive psychology, this is
attributed to a fundamental distinction between automatic and
control-dependent processing [9} [L0]. The former is capable
of effortless, simultaneous execution, while the latter is sub-
ject to seriality constraints on performance.

Early theorists proposed two alternative accounts for this
constraint in control-dependent processing. One suggests that
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this reflects reliance on a centralized, limited capacity mech-
anism (akin to a CPU), thus explaining the dramatic limita-
tion in the human ability to simultaneously perform multiple
control-dependent tasks. The alternative interpretation sug-
gests that constraints in control-dependent processing reflect
the purpose, rather than a limitation, of control mechanisms:
to resolve conflicts that arise from competition among the re-
sources required to perform specific combinations of tasks,
which themselves rely on the shared use of representations
[11H14].

While compelling, the latter proposal was not undergirded
by formal analysis of the extent to which shared use of rep-
resentations constrains processing at the system level. In par-
ticular, one concern might be that shared use of representa-
tions in a system as large as the human brain may pose min-
imal constraints on parallel processing. Recently, however,
numerical work has shown that even modest sharing of rep-
resentations among tasks can impose radical constraints on
simultaneous execution due to cross-talk interference among
tasks, and that the effects of such interference can be invariant
to network size [I5H17]. Understanding the source of such
constraints, and explaining them explicitly in mechanistically
and formally rigorous terms remains an important challenge
not only for understanding human performance — and how it
arises from computations in the brain — but also for the design
of artificial systems that can emulate human performance.

Here we provide a formal analysis of the problem, based
in a combination of graph theory and statistical mechanics
of frustrated systems. We illustrate the mechanism by which
even modest degrees of shared representations impose strong
constraints on the number of tasks that can be performed si-
multaneously without the risk of interference from crosstalk
between tasks. Our results highlight a fundamental tension in
network architectures between the benefits that accrue from
shared representations (i.e. flexibility of processing and gen-
eralization [3H5]) and their cost in terms of processing effi-
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ciency (i.e., the number of independent tasks that can be per-
formed in parallel [7, I8]]).

Results

Measures of task dependency predict parallel processing
capability in a trained neural network

To consider the problem of multitasking (i.e., concurrent
parallel processing) analytically, we first provide a formal def-
inition of a task. For more details, see Section S1 in the Sup-
plementary Information (SI). Given an input space I of stimuli
(e.g. colors) and an output space O of responses (e.g. verbal
response), a task 7" : I — O represents a mapping between
the two (e.g., naming the color of a stimulus), such that the
mapping is independent of any other, and that selection of a
feature from its input space can be made independently of any
other. Different tasks can share an input space, output space,
or both (e.g., reading a color word such as "red" out loud, and
naming the color in which it is printed, share an output space).
When this occurs, there is the potential for the tasks to inter-
fere with one another [[15}|18]].

Such interference can be made explicit by describing the
task structure in the form of a (bipartite) task structure graph
Grs = G(Z,0,T). Grs makes the sharing of representa-
tions across tasks explicit (Figure Eh), in which Z, O and T
are respectively the sets of input spaces, output spaces and
tasks. A task ¢ € T is formally defined as mapping from an
input space to an output space t : I — O, withI € Z,0 € O.
Whenever two tasks share an input node I or an output node
O we assume that they are at risk of interference due to direct
cross-talk and therefore should not be executed in parallel; we
call this dependency structural because of the direct reliance
on common resources [16} [17]. Figure [Th depicts this type
of dependency between tasks a — b and between b — c. Im-
portantly, in addition to structural dependence, there can also
be functional dependence between two tasks: this is the case
whenever, given two tasks, a third task maps the input space
(i.e. connects the input node) of the first task to the output
space (i.e. output node) of the second one. In Figure , tasks
a and c are functionally dependent via task b, because activat-
ing a stimulus in task ¢’s input space does the same for b, thus
invoking a response to b that may conflict with the response to
a. Finding the maximum number of tasks that can be simulta-
neously executed (i.e., multitasked) is then equivalent to find-
ing the largest set of edges in Grg that are neither structurally
nor functionally dependent on one another. In graph-theoretic
terms, this corresponds to finding a maximum induced edge
matching of Grg: a subset of tasks in which none of the tasks
either share a node or are connected by an edge. In Figure[Ip
(left) we show an example of induced matching (in orange).

Interestingly, under an assumption that we will specify in
detail shortly, all task dependencies can be made explicit in a
derived graph, the task dependency graph G p, in which nodes
represent tasks, and edges their (structural or functional) de-
pendencies (Figure[Ip, right). Starting from G, the depen-
dency graph is built by considering the square of the line graph

of Gpg. In fact, the line graph of Gpg encodes structural in-
terferences between tasks. Taking its square correponds to
closing all open wedges and encodes functional interference.
It can be shown that the maximum induced edge matching on
Grg corresponds to the maximum independent set (MIS) of
Gp [19], the largest set of nodes that are not connected by any
edge. The cardinality of this set is called the independence
number « of Gp.

This equivalence is key to our first main contribution: a
neural network constrained to learn a task structure charac-
terized by graph Grg exhibits a maximum parallel capacity
given by the independence number of the corresponding Gp.

To assess the correspondence of this theoretical measure of
parallel processing capacity to the performance of an actual
network, we trained a simple non-linear feed-forward network
(see Figure[Tk), with four layers, that has been used previously
to simulate a wide array of empirical findings concerning hu-
man cognitive performance [20-22] (see Methods). The net-
work architecture entails two input layers, one that encodes
the current stimulus (stimulus layer) and another one that en-
codes the task to be performed on the stimulus (task layer).
Both input layers project to a hidden layer that computes an
internal representation of task-relevant input features of the
stimulus. Finally, information encoded at the hidden layer
is projected together with the task layer input to an output
layer at which the response of the network is computed. The
weight projections from the task layer serve to bias process-
ing towards task-relevant stimulus information represented at
the hidden layer, as well as task-relevant responses at the out-
put layer [20]]. This, in turn, shapes the representations of the
input and output space respectively for each task.

As a benchmark, we demonstrate the correspondence be-
tween the structure of G and the one derived from the theo-
retical dependence graph GGp under assumption of maximum
sharing of representations. We train a set of networks to learn
the mapping from inputs to outputs for each task, with fixed
weight projections from the task layer to the hidden layer that
are the same for tasks with shared input spaces. This guaran-
tees the maximum amount of representation sharing between
tasks. We refer to this as a minimal basis set representa-
tion, as it is the most compact form of representation at the
hidden layer that can support performance of all tasks. We
trained 400 networks in this manner, varying the total num-
ber of tasks (between 4 — 30) and task structure graph Grg
(Figure [Ig). For each network trained on a task environment
Grs, we computed a theoretical task dependency graph Gp
(see Methods and SI sections [S2] [S3| for details). Figure [Td
shows that o predicts well the maximum number of tasks the
network can perform in parallel. That is, the highest accuracy
that the network can achieve (across all task combinations for
a given task set size) drops as soon as task set size exceeds a.

These results show that, when the network is constrained to
learn maximally shared representations, the pattern of perfor-
mance it exhibits is consistent with the task interference struc-
ture described by Grg, and that its parallel processing capac-
ity can be accurately predicted from the corresponding G p,
which is easily obtained from Grg. These results validate the
graph analysis with network simulations under conditions of



maximal sharing — that is, when the network is constrained
to use the minimal basis set representation. However, they do
not address other network configurations that do not conform
to the minimal basis set. Other weighting schemes are possi-
ble and are of interest for theoretical and practical reasons). In
the SI we show that our results are valid also for different fixed
(Section@]) and unconstrained (Section@) weights, and for
more complex neural network architectures (Section[S

Maximum parallel capacity estimation for dependency graphs
of arbitrary size

The results above are promising, but they were validated
in small networks. An important theoretical question that re-
mains unanswered is how the relationship between sharing of
representations and parallel processing capacity of a network
scale with network size for very large networks, for which it
is prohibitive to compute either o and & directly.

To address this problem, we develop a graph ensemble for-
mulation of the MIS problem in terms of the degree distribu-
tion of the task dependency graph. This allows us to tease
apart the roles of graph density and heterogeneity, indepen-
dently of the network size. To achieve this, we need to relate
Po (pa) to the degree distribution of Gp (Gp).

In the minimal basis set configuration, the degree distribu-
tion of G can be computed directly starting from Grg. This
can be done in a manner similar to the standard calculation of
the number of second neighbors [23]. Since the task depen-
dency graph Gp is the square of the line graph £(Grgs) of
Grs, the estimated degree l;:{’? of task e in Gp as Ef:
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where (o) are the expectation values of k; and k,, and M is
the number of edges in G'rg (or equivalently of nodes in G p).
We refer the reader to Section for full details.

In Figure[Zh we show that Eq.[S30]gives good results (Pear-
son’s R > 0.9,p < 0.05) for graphs of various densities and
for various degree distributions. Note that k” is written in
terms of the first two moments of pg;, recovering the previ-
ously observed connection between the heterogeneity of G'rg
graph and that of the corresponding dependency graph G p.

When not in the minimal basis set scheme, it is not possible
in general to obtain an expression for the degree distribution
of Gp from Gpg. However, this is a minor limitation since it
is possible to estimate G p from the network activations, even
when Grg is unknown (section @ Thus, going forward,
we will focus exclusively on dependency graphs, disregard-
ing their origin (theoretical or empirical). For simplicity of
notation, we will denote these as G and their independence
number as «, dropping the e.

To estimate the expected maximum independence number
«, we build on recent work by Lucibello and Ricci-Tersenghi
[24] and estimate the independence number density p, =

a/M (where M is the number of nodes in G p), based on a
factor graph description of the maximum set packing problem,
of which the independence number problem is a particular in-
stance. Crucially, these expressions relate p,, to the graph’s
degree distribution, providing a window into the role of the
network’s topology.

Exploiting the properties of degree generating functions
[25]], the p,, estimate can be rewritten as:
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where ¢t = log p., and p, needs to satisfy the self-consistent
equation

p« = Ez (1 - <k;p*M,g(t))c. 3)

Here k is the node degree in G p, ¢ and ¢ refer to the factor
nodes’ degrees and excess degrees, which in the case of the
MIS are fixedtoc = 2, ¢ = 1 (see SI, Sectionfor details),
and My (¢) is the generating function for the degree distribu-
tion p(k).

For classes of graphs that have analytical degree generat-
ing functions, it is possible to obtain insights into the role
of the density and heterogeneity of G'p directly. For ex-
ample, for a Gaussian distribution with mean < k£ > and
variance o2, the moment generating function takes the form
M;,(t) = e(®+o"1*/2_ Substituting the expression above, we
obtain

(1= pC0) + Mr(np.) (1 = (k) = ® np.)
“4)

where we solve numerically for p,. In Figure 2b we show
that this expression provides a close approximation of the be-
haviour of p, for increasing network density and for various
levels of degree heterogeneity of G p. Importantly, it provides
an analytical grounding for the previous empirical observa-
tions that increased heterogeneity of task overlap for a given
average density results in a higher p,, [15H17]]. Here, we used
Gaussian degree distributions to explicitly illustrate the im-
pact of the density of the dependency graph, which depends,
in turn, on the density of the task structure graph and its de-
gree heterogeneity: for a fixed size, dense and uniform graphs
have a smaller MIS than sparse, heterogeneous ones.

Pa = <C>

Finally, we show that it is possible to predict p, starting
from the degree distribution of Grg, estimating the degree
distribution of Gp from it, and then plugging it in Eq.
We computed this for a set Grg with fixed number of nodes
per layer N and for increasing densities (see SI, Figures [S.9]
for other G5 topologies). We find that the prediction
obtained from the esitmated and actual degree distributions of
G p are in agreement, and they both yield a strict upper bound
on pg.



Effective parallel processing capacity

The independence number specifies the maximum capac-
ity and is specific to a particular subset (or very few subsets)
of tasks. Thus, the independent number does not address the
more practical question: what is the greatest number of tasks
that the system is expected to perform simultaneously on av-
erage, given a probability distribution of tasks in the envi-
ronment. In other words, given a task set 7' of cardinality
|T| = ~, what is the probability p, that those tasks are both
available for execution and can be successfully executed at the
same time?

The probability p, is a special case of the probability
p(0,v,Gp) of successfully executing & out of + tasks from
a dependency graph G'p. The latter requires the § nodes in
T C Gp not to be linked with each other, and the remain-
ing v — 6 nodes to be connected to at least one of the first
0 tasks. For a graph Gp, we can estimate the probability of
successfully executing 1 < 6 < +y tasks in T" as:

0600 = (1= JELY (WY

where Mp, (k) and (k?) are respectively the number of edges
in G p, the first and the second moment of G p’s degree distri-
bution.

In Figure Bp we show the value of p, as a function of ~, for
various Gp with variable network size M but fixed network
density. Naturally for v = 1, the probability of executing the
task is always 1 since a single task cannot interfere with it-
self, but p., decreases very rapidly as the number of attempted
tasks increases and, remarkably, does not depend on the net-
work size (see SI section [3;9] for details). Equation E] confirms
analytically the size independence of the MIS previously ob-
served in numerical experiments by Feng et al. [15]]: at fixed
density for Gp, (k), (k?) and Mp all scale as M?, making
Equation [3|independent of M.

To quantify how the rapid decrease in p., relates to perfor-
mance, we associate a reward with each multitasking attempt.
We consider two reward schemes: i) (all-or-nothing) scheme,
we give a positive reward to an attempt to perform ~y tasks only
if all tasks are successful (i.e. independent in Gp) and no re-
ward otherwise; ii) (graded) scheme, we give a reward to each
multitasking attempt on +y tasks proportional to the maximum
number of independent tasks 7/ < ~ in that set.

These schemes encode two extremes in how rewards for
performance might depend on multitask success. The all-or-
nothing scheme corresponds to situations in which the out-
comes of the tasks can influence one another, and thus all tasks
need to be successfully performed (e.g. juggling a collection
of objects requires all individual objects to be successfully
juggled; failing on one is likely to induce failure on the oth-
ers). In contrast, the graded scheme corresponds to situations
in which task outcomes are not correlated (e.g. driving and
listening to a conversation) and hence failing one task does
not induce failure of others. For the former, the expected re-
ward is therefore written, modulo a multiplicative coefficient,

as

¢(v,Gp) = vpy +0(1 = py) = YDy, (6)

which peaks at low values of + and rapidly converges to zero

(Figure [3p).

For the more permissive graded scheme, we have:
v
é(v,Gp) =Y _p(0,7,Gp)b. 7
6=1

In this case, ¢~) grows for increasing 7y values (Fig ). This
is expected because, under this scheme, for any task subset
the reward is positive (e.g. at the limit if the task set is the
whole network, the reward is proportional to the MIS size).
Despite this, the average reward ¢ grows sublinearly with
and, again, does not depend on the network size. As a conse-
quence of this sublinear increase, any increase in dependency
graph size is associated with diminishing returns in both ¢
and ¢. In the SI (Figures S.12-13), we show that, in the case
of fixed average degree of G p, the effective parallel process-
ing capacity weakly depends on M, but the qualitative results
do not change. Finally, we show that also in the small M
limit (outside the regime of validity of the formal treatment),
a qualitatively similar effect can be observed for the empiri-
cal effective parallel processing capacity of trained neural net-
works (Figure S.7-14).

Discussion

The work presented provides a formal analysis of the idea
that the two forms of parallelism described here are not merely
differences in computational strategy, but reflect a fundamen-
tal computational trade-off in network architectures between
efficiency of learning and generalization vs. efficiency of pro-
cessing: the very network fabric that supports interactive par-
allelism by sharing representations between tasks (e.g. for
learning and/or generalization) induces limits on independent
parallelism and processing efficiency— that is, their ability to
perform multiple tasks simultaneously [7, [8]. Here, we pre-
sented an approximation of the problem that is analytically
tractable, and thus can be used to examine it at arbitrary
scales, permitting an analysis of its manifestation in more
complex systems - both natural and artificial. Formally, we
were able to summarize how the topology of the task depen-
dency graph affects the neural architecture’s parallel capac-
ity and observed that the benefits of network size increases
scale in a strikingly sublinear manner, with rapidly decreas-
ing returns in parallel capacity with network size, even when
the proportion of shared representations (and attendant rate
of competition) is kept constant. Empirically, we validated a
parsimonious method to estimate the underlying task depen-
dency graph from individual patterns of task-specific activity,
that can be extracted from data (e.g., from neural data and
neural network activations).

While the network models we used have direct mappings
between inputs and outputs, the definition of a task used in



our analyses applies in such networks as well, as each pair
of layers can be considered as an input-output mapping, and
thus the entire network can be considered as a series of such
single-layered networks. From this perspective, a task to be
executed by the network as a whole can be decomposed into
a series of subtasks, traversing the various layers. While this
allows for the task to be successfully reproduced by multi-
ple paths, at the same time the likelihood of interference be-
tween pathways implementing different tasks increases with
the number of intermediate layers (i.e., opportunities for in-
tersection), compounding the effects we have described for
single layer networks [26, 27]. The same logic applies to re-
current networks. These factors are similar to the effects of
path structure on controllability in unfolded temporal graphs
(28] 29].

Our work also provides the basis for developing methods
of assessing the parallel processing capacity of natural agents
(e.g,. humans) for a given set of tasks. Previously proposed
methods used explicit signal modeling to infer the parallel
processing capacity of a system from behavioral data (reaction
time distributions) generated by actual task performance [30-
32]. Our method complements these by providing a means for
estimating parallel processing capability when the underlying
task structure is unknown using number of measurements lin-
ear in the number of tasks, as opposed to the factorial num-
ber required by previous methods. This may be valuable for
important real world domains, where multitasking is critical,
but in which it is impractical to individually and exhaustively
evaluate all of the potential task combinations -e.g. pilots
monitoring a large number of instruments—.

One potential limitation of the proposed analysis is that
averages of task representations need not necessarily reflect
the extent to which sharing of representations occurs across
tasks, which must occur at the level of individual stimulus
features. While the results presented in this, as well as other
work [[16, 17, 33] suggest that task averages do seem to pro-
vide a good proxy for the similarity in representations across
tasks, others have reported work on using geometric measures
to identify the manifolds on which representations for differ-
ent tasks live in neural networks [34, 35]. It remains a matter
for future research to explore how well these measures can be
used to predict predict parallel processing capacity of network
architectures.

Finally, at a higher level of analysis, our methods may
also help shed light on how a system balances the efficiency
of learning and generalization provided by interactive paral-
lelism and shared representations, at the cost of serial pro-
cessing, with the efficiency of processing provided by inde-
pendent parallelism, at the cost of greater training time and
task-specificity.

Methods

Neural network architecture and processing. We use a
standard non-linear feed-forward network, with four layers,
that has been used previously to simulate a wide array of
empirical findings concerning human cognitive performance

[2} 20l 122]. The network consists of two input layers, one
of which represents the stimulus presented to the network
and another that encodes an instruction for the task that the
network has to perform on this stimulus. Both input layers
project to a hidden layer. Unless stated otherwise, the hidden
layer contained 100 units. Both the hidden layer and the task
layer further project to an output layer that computes the net-
work’s response. The real-valued activity of each input unit
constitutes the current stimulus. Activated units in the task
layer indicate the task(s) to be currently executed. Performing
a single task corresponds to clamping the corresponding task
unit to 1 (activated) while all other units are set to 0. Multi-
tasking conditions are represented by activating multiple task
units at the same time. Units in the hidden and output layers
take values between 0 and 1, as determined by a logistic acti-
vation function applied to their net input. Stimulus input units
are structured according to D dimensions (subvectors of the
stimulus pattern), each of which is comprised of a set of D
feature units with only one feature unit activated per dimen-
sion. Similarly, output units are organized into D response
dimensions, with only one of the D response units permitted
to be active within a response dimension. Each task is repre-
sented by a single task input unit that is associated with a set
of unique, one-to-one mappings between the input units in one
stimulus dimension and the output units in one response di-
mension, and that is independent of the mappings for all other
tasks (see Figure[Ik). The number of stimulus input dimen-
sions and response dimensions was varied between 4 and 9
across environments. The task mappings were generated with
the Erd6s-Rényi model such that the number of overlapping
tasks for a given stimulus input dimension z varied between 1
and 7. For each environment Grg a network was initialized
with a set of small random weights and then trained using the
backpropagation algorithm [36] to produce the task-specified
response for all stimuli in each task until it reached a mean-
squared error performance of 0.001.[45] We constrained the
learned representations of the network to reflect the task simi-
larity structure of the environment Gg by fixing the weights
from the task units to the hidden layer: Weight vectors for
tasks relying on the same stimulus input dimensions were set
to yield a Pearson correlation coefficient of value 1 whereas
weight vectors for tasks of non-overlapping stimulus dimen-
sions were uncorrelated.

Dependency graph extraction. We follow the analysis de-
scribed in [16} [17] and focus on the representations (patterns
of activity) over the hidden and output units, insofar as these
reflect the computations carried out by the network required
to perform each task. In particular, we are interested in the
characteristics of these representations for each task, how they
compare across tasks, and how these factors correspond to em-
pirically evaluated parallel processing performance. The rep-
resentations associated with each task can be characterized by
calculating, for each unit in the hidden and output layers, the
mean of its activity over all of the stimuli for a given task; this
mean pattern of activity can then be used as a representation
of the task.

Correlating patterns of activity within a layer across tasks
yields a task similarity matrix that can be examined separately
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FIG. 1: Graph-theoretic measures predict parallel processing capacity. (a) A bipartite task structure graph Grs describes tasks in terms of
mappings from an input space to an output space. Each task corresponds to an edge in G from an input node to an output node. Two tasks
are: 1) structurally dependent if they converge to the same output node (left) or originate from the same input node (middle); ii) functionally
dependent if their edges are connected by a third task (right). (b) Dependencies between tasks in Grg are expressed by the corresponding task
dependency graph G p: tasks are now represented as nodes, and they are connected if the two tasks are structurally or functionally dependent.
The MIS of G'p corresponds to the largest set of tasks that a network can execute in parallel without interference[16l [I7]. Its cardinality
a = |MIS] is the maximal parallel processing capacity of the network Grs. (c) A neural network is trained on a set of tasks, in which each
task requires the network to map a set of features from the stimulus layer via a hidden layer to a set of features on the output layer. Each
task is designated by a unit in an additional (task) input layer that projects to both the hidden and output layers. All tasks in the environment
can be expressed in terms of a task structure graph Grs (as shown in (a)). The network is trained on all tasks by activating, on each trial,
a particular task unit and an input unit corresponding to a stimulus feature in the set for that task, and requiring the network to activate the
corresponding output unit. The average activity patterns at the hidden and output layers across all inputs under a given task are taken as the
network’s representation of that task. The two resulting similarity matrices (for the hidden and output layers) are used to infer dependencies
between tasks based on shared task representations, and to construct the empirical task dependency graph G p, which we use to predict the
empirical &. (d) The parallel processing capacity of the trained network is predicted by &. The plot shows the highest multitasking accuracy of
the network as a function of the number of tasks it is asked to perform in parallel (performance curve) as indicated in relation to the network’s
MIS. Each line corresponds to the multitasking performance of a trained network, whereas the color of each line indicates the predicted MIS
for that network. The solid black line depicts the average fit of a logistic function to accuracy curves across networks.

for the hidden and output layers of the network. This can
then be used to assess the extent to which different tasks
rely on similar or different representations within each layer
of the network. Figure [Tt provides an example of such
similarity matrices (thresholded for similarity correlations
above # = 0.5). Tasks that have similar representations over
the hidden layer can be inferred to rely on the same input

Assessing Multitasking Accuracy. To test the overall
multitasking performance for each network, we considered all
sets of “multitaskable" tasks on which it was trained; that is,
all sets of structurally independent tasks, for which each task
had input and output dimensions that were distinct from all of

dimension — that is, they share an input component in the
bipartite graph representation of the network — and tasks
that are similar at the output layer can be inferred to share
an output component. Accordingly, a task dependency graph
Gp (of the type shown in Figure ) can be constructed by
measuring the patterns of activity observed in the network
while it performs each individual task.

the others in the set. The accuracy of the network on a single
task was determined by the probability of responding cor-
rectly in the task-relevant output dimension, averaged across
all stimuli. Multitasking accuracy for a given set of tasks was
determined by the average probability of responding correctly
across all task-relevant output dimensions, averaged across
all stimuli. The probability of responding correctly in a given
output dimension was determined by a leaky competitive
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FIG. 2: Graph-theoretic results for p, and p,. (a) Comparison of estimated EP and actual k” for dependency graphs obtained from task
structure graphs with a range of average degrees z. For each value z, the task dependency graph Gp was computed from its bipartite Grs with
a fixed degree on the input nodes, and a binomial distribution of degrees for the output nodes (similar to an Erdos-Rényi graph, and following
[13]). The lower plot shows the same information in distribution form, with discrete bins corresponding to & and the solid line corresponding
to the actual distribution. (b) MIS densities p, for a set of generic networks with Gaussian degree distributions of varying widths, comparing
the exact computation (dots) with the values predicted from Equation |Z| (solid lines) as a function of the Gaussian distribution mean . The
plots show that, for fixed p, increasing the degree heterogeneity (o) is associated with increased p,. (c) MIS densities p,, for Gp as a
function of the task structure graph density (k) N, comparing i) the explicit calculation on the theoretical Gp (dots); ii) the analytical results
using Equation 2]and the Gp degree distribution estimated using Equation [S30] (pink shading); and iii) the analytical results using Equation
[ with the measured Gp degree distribution. We created a set of Grs graphs with binomial degree distributions on the input and output
layers. For each parameter choice, we computed 50 Grs graphs. Error bars on dots correspond to one standard deviation of the resulting pq
values. The color of the dots represents the average density of the corresponding G pd, which ranged from 0.2 to 0.7. The shaded areas are
one standard deviation intervals for the predicted pqs.
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FIG. 3: Graph-theoretic results for p,, ¢, and ql,. a) Probability p, that all tasks in a task subset of cardinality ~y are performed successfully
(i.e. are independent). We plot p,, measured directly (dots) in dependency graphs obtained from Erdos-Renyi task graphs with density p = 0.2
and variable size (N = 4, 8, 10, 20, 40) and compare them with the predictions of Eq. @ (solid lines). The theoretical p, are slightly higher
than the measured values, but overall we find good agreement between the two. Vertical dashed lines highlight the MIS values for various
N and show how for all sizes the probability of randomly choosing a maximal independent task set is vanishingly small. (b) The ¢, values
(obtained using the p., in panel (a)) are much lower than the MIS for the corresponding size (shown as the horizontal dashed lines); moreover,
¢~ displays little dependence on the network size N as opposed to the MIS, which grows linearly instead. (¢) Even under the more permissive
reward function, QBW only grows sublinearly with « and again shows no dependence on the G5 size N, leading to strongly diminishing returns
for the effective parallel capacity.

accumulator layer [37] (optimized for performance under
each multitasking condition), implementing the assumption
that the network could only provide one response per re-
sponse dimension (see SI for details). To statistically assess
predictability of multitasking performance, we fit a logistic
curve to the best multitasking accuracy as a function of set

task set size. To avoid ill-conditioned solutions for logistic
fits, we excluded networks for which the number of data
points fell below 3. Multitasking accuracy is considered well
predicted if the inflection point (bias) of the fitted logistic lies
significantly above the predicted task set size and significantly
below the predicted set size + 1.



Statistical evaluation of o prediction from neural net-
work simulations. To statistically evaluate the MIS predic-
tion in Figure [Id, we fit a logistic function to the accuracy of
a network’s performance as a function of set size. We find
that the inflection point of the sigmoid curve is accurately
predicted by the « derived from G p. That is, the inflection
point (i.e., offset) of the curve lies significantly above a set
size equal to o, £(352) = 9.1465,p < 10717, and below a
set size of  + 1, t(352) = —24.3986,p < 10777, These
predictions turn out to be robust for a range of different per-
formance metrics, number of hidden units in the network, as
well as choices of  that is used to extract Gp (see Methods
and Section S.3).

Code and Data Availability Statement

Code to reproduce the simulations and analysis re-
ported here, together with example data files, are
available at |https://github.com/lordgrilo/
Multitasking_capacity.
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Supplemental Materials: Topological limits to parallel processing capability of network
architectures

S1. DEFINITION OF A TASK AND MULTITASK

In the main text, we define a task as input space I of stimuli (e.g. colors) and an output space O of responses (e.g. verbal
response). Here, we elaborate on what we mean by those terms and illustrate how they translate into valid definitions of a
multitask.

We define an input space as any set of inputs values, each of which corresponds to a different value of an output space for a
given task, and therefore only one of which can legally be present at a given time for the execution of that task. Similarly, an
output space is a set of output values each of which corresponds to a different input value within the input space of a given task,
and only one of which can be executed at a given time. Note that these definitions are relative to the definition of a task. These
are intentionally abstract definitions, that serve as the basis for the formal treatment here and in related work.

Although these definitions are abstract, they capture what is usually meant by a task in the context of behavioral studies,
where it is typically defined by the mapping from a set of mutually exclusive stimuli to a set of mutually exclusive responses.
For instance, consider a classic task environment, the Stroop paradigm [S18]], in which stimuli consist of color words displayed
in a particular color (e.g. the word "GREEN" displayed in red). Participants may either be asked to name the color in which
the stimulus is displayed (color naming) or to read the word out loud (word reading). The input space of the color naming task
constitutes the set of all possible displayed colors whereas the input space of the word reading task constitutes the set of all
possible color words. The input spaces of the two tasks in this environment entail different modalities (colors and words). In
a different task environment, input spaces may correspond to different feature dimensions within a modality. For example, an
experimenter may ask participants to either name the hue of a color, or name its saturation, thus relying on input spaces involving
different feature domains (saturation and hue) within same modality (stimulus color). In this example, the task environment
involved only one output dimension (verbal responding) but it could be extended to include others (such as manual responding).
For example, participants could be asked to read the word and press a corresponding button. This illustrates that the definition
of input spaces and output spaces is always relative to the definition of the tasks (i.e. mappings between input spaces and output
spaces) specified by the environment.

In accordance with definitions in cognitive psychology [S15}IS38}S39]], we assume that two or more tasks constitute a valid
multitask if none of the tasks shares an input space or output space with another task. Thus, the definition of input spaces and
output spaces determine what can be treated as a multitask. To illustrate this, consider an illegal case in which two tasks sharing
the same input space map to two different output spaces with responses that are not incompatible with one another — for example,
reading a word out loud, and pointing in a word-specific direction (e.g., point left for "RED", right for "GREEN", etc.). It is of
course easy to imagine learning to do this rather easily. However, this does not fall within a definition of a genuine multitask,
insofar as the latter requires that the inputs for each of the tasks involved in a multitask be drawn independently of one another.
This can’t be accomplished using the same input space for two different tasks, this would frequently violate the assumption that
two different values can be represented within the same input space at the same time — except in cases in which the different
tasks all happen to draw the same value in their shared input space. Another way of thinking about this is that if tasks that share
the same input space always also use the same input value from that space (e.g., all Stroop stimuli were always congruent),
then they are not really independent tasks; rather, they can be thought of as one task with a more complex output space (i.e.,
with compound responses). Thus, for these reasons, we exclude tasks that share the same input space from participating in legal
multitasks.

S2. ASSESSING TASK PERFORMANCE USING LEAKY COMPETITIVE ACCUMULATOR

We assessed performance of each task with an LCA layer[S37] that was assigned to each response dimension. The LCA layer
was comprised of a set of units r; that received as their input the activity of corresponding units in that response dimension.
The winning response was determined by the accumulation of activity by each LCA unit, and the competition among them, the
dynamics of which were given by

dt dt
dr; = [yo — A\r; + « r;) — ri)]— + &/ — S1
7 [yo z+ LCAf( 1) BZf( ])]7_—"_51 T ( )
JFi
where y, is the activity of the corresponding response unit in a given response dimension, A is the decay rate of r;, arca is
the recurrent excitation weight[? ] of r;, 5 is the inhibition weight between LCA units, 7 is the rate constant, and ¢ is noise
sampled from a Gaussian distribution with zero mean and standard deviation o. The activity of each LCA response unit was



lower bounded by zero via a threshold such that f(r;) = r; for r; > 0 and f(r;) = 0 for » < 0. The response for a given
response dimension was determined by the unit within the corresponding LCA layer the activity f(r;) of which first reached
threshold z. The accuracy for each response dimension corresponded to the probability of generating the correct response for
that dimension P(correct) across 100 simulations of the LCA, and the reaction time RT for that dimension was the average
number of time steps required for the response to reach threshold. The following parameter values were used for all reported
simulations: A = 0.4, apca = 0.2, 8 = 0.2, 0 = 0.1, and z for each LCA layer was chosen as the threshold that maximizes
reward rate (P (correct)/RT) for that dimension.



S3. ROBUSTNESS OF NETWORK ANALYSIS

Our neural network analysis involved extracting an empirical dependency graph G p from single task representations. Two
tasks were considered structurally dependent if their average activity vectors in the hidden or output layer of the network were
correlated above some threshold §. We then computed the empirical MIS & of G'p and tested whether the best multitasking
accuracy of the network drops as soon as the number of tasks that the network was asked to multitask exceeded &.

We assessed the robustness of reported simulation results with respect to three parameters: (a) the correlation threshold 6
that was used to decide whether two tasks share a representation in the trained network, (b) the metric that was used to assess
multitasking performance of the network, and (c) the number of units in the hidden layer of the neural network. We first
considered a neural network with 100 units in the hidden layer and extracted & for different correlation thresholds, ranging from
0.1 to 0.9 in steps of 0.1, as well as 0.95. Moreover, we assessed multitasking performance for this network using different
performance metrics, such as the probability of responding correctly using an LCA for a task-relevant output dimension (see
previous section), the ratio between the activity of the correct output unit and the sum of all output units within a task-relevant
output dimension (Luce ratio), as well as the absolute error between the correct response pattern and the actual response pattern in
a task-relevant output dimension subtracted from 1. Figure[S.T|shows the best multitasking accuracy across all task combinations
of a given task set size (relative to the predicted empirical MIS &) across all parameter settings for a network with 100 hidden
units. Figure[S.2]shows the same set of results for a network with 500 hidden units. The results shown in both figures replicate the
simulation results in the main text, namely that the best multitasking accuracy of the network drops as soon as the number of tasks
in the set exceeds . Critically, we observed this pattern across a wide range of correlation thresholds, different performance
metrics, as well as different number of hidden units in the network.

Finally, Figure [S.3]illustrates how the effects reported in Figure [S.T] depend on the number of input and output dimensions
available in the task environment. Simulation results indicate that the empirical MIS & tends to overestimate the point at which
the best multitasking performance drops as a function of task set size. Thus, & serves as an upper bound for the multitasking
capacity of the network as the complexity of the task environment increases.



(a) 0=02 0=03 0=04 0=05
i i i MIS =1
—_— — —_— — Mis -2
> > > > > =
80 &0 80 - 80 80 =
IS =3
5 3 3 3 3 e MIS =4
3 = 3= 3 = 3= 3= =
3 3 3 3 3
<9 ¥ <9 @ <9 ® <9 @ <9 ¥ ——MIS =5
o o o o2 o —— MIS =6
€ < < €< €3 €< (— ]
=X RS 2R 2 X 2R
R G 2 w0 e G2 w0 & T 4
8 < g< 3 < 8< 8 <
£ £ 1 £ 1 £ 1 £ I
ERE 2 1 3 o 1 2 = 1 ERE 1
MIS3 MIS2 MIST MIS MIS+1 MIS+2 MIS+3 MIS3 MIS2 MIST MIS MIS+1 MIS+2 MIS+3 MIS3 MIS2 MIS-T MIS MIS+1 MIS+2 MIS+3 MIS3 MIS2 MIST MIS MIS+1 MIS+2 MIS+3 MIS3 MIS2 MIS-1T MIS MIS+1 MIS+2 MIS+3
Task Set Size Task Set Size Task Set Size Task Set Size Task Set Size
=07 9=0.8 0=0.9 0 =0.95
] I ] I
3w 3w B 3w F 3w 3 3 e B
o g g g g
5 P 3 3= 3=
28w 28w &= 28w 28w
o =3 o =3 2 =3 o = 2 =3
SR, =R SR, =X SR,
8= §<c I 8= I §c I 8 < I
E 3 E E E
s S = 1 S o 1 S = 1 S o 1
MIS3 MIS2 MIST MIS MIS+ MIS+2 MIS3 MIS3 MIS2 MIST MIS MIS+1 MIS+2 MIS+3 MIS3 MIS2 MIST MIS MIS+1 MIS+2 MIS3 MIS3 MIS2 MIST MIS MIS+1 MIS2 MIS+3 MIS3 MIS2 MIST MIS MIS+1 MIS+2 MISt3
Task Set Size Task Set Size Task Set Size Task Set Size Task Set Size
3 el 3 a0 3 e 3 w0 3w
g3 €3 g3 g3 g3
52 52 52 52 52
83 3 g 3 ¥
60 60 60 60 60
<, <4 <5 <, <%
o8 oXe] =%l 28 =%l
€3 €3 €3 €3 €3
22 4 2= 0 230 220 230
S SR S SX SX
Zc £c Zc Zc Zc
s 20 s 20] s 20| s 20| s 20|
MIS3 MIS2 MIST MIS MIS+1 MIS+2 MIS+3 MIS3 MIS2 MIST MIS MIS+1 MIS+2 MIS+3 MIS3 MIS2 MIS-T MIS MIS+1 MIS+2 MIS+3 MIS3 MIS2 MIST MIS MIS+1 MIS:2 MIS+3 MIS3 MIS2 MIS-T MIS MIS+1 MIS+2 MIS+3
Task Set Size Task Set Size Task Set Size Task Set Size Task Set Size
0 =0.95
§ 80 § 80 § 80 § 80, § 80|
52 52 52 52 52
3z ) 3E F: iE
60 60 0 0 0
< @ < o < @ < o < @
8 28 8 2Xe] 28
£3 £3 £3 £3 £3
% = 40| %= 4 % = 40l %= 4 % = 40|
S SR Sx X RS
=c =c =c =c =c
S £ e S £ = e S £
27 x S 2 s o S = S o

(c)

MIS3 MIS2 MIS-T MIS MIS+1 MIS+2 MIS+3
Task Set Size

MIS-3 MIS2 MIS-1_MIS MIS+1 MIS+2 MIS+3
Task Set Size

MIS3 MIS2 MIS-T MIS MIS+1 MIS+2 MIS+3
Task Set Size

MIS3 MIS2 MIST MIS MIS+1 MIS+2 MIS+3
Task Set Size

MIS3 MIS2 MIS-T MIS MIS+1 MIS+2 MIS+3
Task Set Size

= = = = = = =
§%ao %@ §8au %@ §gao %@ §3au I@ ng %g
53 1 53 | 53 | 53 1 53 1

9 39 39 39 39
23 23 g3 23 g3
2 < 60 1 < e 1 2< e 1 < e ] 2< w0 1

) o ) o )
23 23 23 23 23
g3 ! §3 - ! R ! §3- ! R !

8 8

£2 1 £2 | £2 | £2 | £2 |
2R 2 EEE 2R 2 ELE) 2R 2

£ 1 £ 1 £ 1 £ 1 £ 1

1 1 1 1 1
MIS3 MIS2 MIST MIS MIS+1 MIS+2 MIS+3 MIS3 MIS2 MIST MIS MIS+1 MIS+2 MIS+3 MIS3 MIS2 MIS1T MIS MIS+1 MIS+2 MIS+3 MIS3 MIS2 MIST MIS MIS+1 MIS+2 MIS+3 MIS3 MIS2 MIST MIS MIS+1 MIS+2 MIS+3
Task Set Size Task Set Size Task Set Size Task Set Size Task Set Size
0=06 0=0.7 0=08 0=09 0 =0.95

38w i @ 38§ e I QE 58w R I \t 58w
£3 1 £3 I =3 | £3 | 33 |

g 33 33 33 53
28 23 838 93 88
2 < w0 1 Z< o0 1 Z< w0 1 Z< o0 1 Z< w0 1
oL oL oL oL o2
£2 1 £2 1 £2 1 £2 1 £2 1
ﬁgm f,gm ﬁgw ﬁgm ﬁﬁm
£2 1 £2 1 £2 1 £2 1 £< 1
2R 2 SR 2 SR 2 SR 2 SR 2
=: ! 2= ! =: ! == ! =c !

1 1

MIS3 MIS2 MIS1 MIS MIS+1 MIS+2 MIS+3

Task Set Size

MIS3 MIS2 MIS1 MIS MIS+1 MIS+2 MIS+3

Task Set Size

MIS3 MIS2 MIS1 MIS MIS+1 MIS+2 MIS+3

Task Set Size

MIS3 MIS2 MIS1 MIS MIS+1 MIS+2 MIS+3

Task Set Size

MIS3 MIS2 MIS1 MIS MIS+1 MIS+2 MIS+3

Task Set Size

FIG. S.1: Multitasking accuracy of a network with 100 hidden units as a function of the predicted empirical MIS &. The plot shows
the highest multitasking accuracy of the network as a function of the number of tasks it is asked to perform in parallel (performance curve) as
indicated in relation to the network’s MIS. Each line corresponds to the multitasking performance of a trained network, whereas the color of
each line indicates the MIS for that network that was extracted using different correlation thresholds. Multitasking accuracy of the network
was assessed using (a) a leaky competitive accumulator, (b) the Luce ratio or (c) the absolute error of each task-relevant output dimension.
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FIG. S.2: Multitasking accuracy of a network with 500 hidden units as a function of the predicted empirical MIS &. The plot shows
the highest multitasking accuracy of the network as a function of the number of tasks it is asked to perform in parallel (performance curve) as
indicated in relation to the network’s MIS. Each line corresponds to the multitasking performance of a trained network, whereas the color of
each line indicates the MIS for that network that was extracted using different correlation thresholds. Multitasking accuracy of the network
was assessed using (a) a leaky competitive accumulator, (b) the Luce ratio or (c) the absolute error of each task-relevant output dimension.
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FIG. S.3: Multitasking accuracy of a network with 100 hidden units as a function of the predicted empirical MIS &. Different columns
correspond to a different number of input and output dimensions in the task environment. The plot shows the highest multitasking accuracy
of the network as a function of the number of tasks it is asked to perform in parallel (performance curve) as indicated in relation to the
network’s MIS. Each line corresponds to the multitasking performance of a trained network for a given size (measured in terms of the number
of input/output dimensions), whereas the color of each line indicates the MIS for that network that was extracted using different correlation
thresholds. Multitasking accuracy of the network was assessed using (a) a leaky competitive accumulator, (b) the Luce ratio or (c) the absolute
error of each task-relevant output dimension.



S4. PREDICTING MULTITASKING ACCURACY FOR NETWORKS WITH MAXIMAL VERSUS MINIMAL SHARING
WEIGHTING SCHEMES.

While the minimal basis set maximizes representational efficiency and generalization [S4}IS7,IS8.1S40], it constrains multitask-
ing capability by introducing functional dependence among tasks. This can be mitigated by the use of separated representations
and, in the limit, a dedicated set of representations for each task (i.e., combination of input space and output space) —- a scheme
we refer to as the tensor production representation.

Previous work has used empirical simulations to examine how multitasking performance fares between the extremes of mini-
mal basis set and tensor product representations [S17,1S33IS41]]. However this has been constrained to relatively small networks,
because doing so in larger networks becomes computationally intractable: the number of multitasking conditions that must be
evaluated grows factorially with the number of tasks the network can perform. This comports with the graph representation of the
problem, where it is known that computing the maximum independent set for the square of a line graph is NP-hard [S42, |S43]].
The methods proposed here offer an analytic approach to this problem, but this first requires that they be validated for network
configurations that extend beyond the minimal basis set. Such validation would not only license their use in addressing theoreti-
cal issues, but also be of practical value by allowing multitasking performance to be estimated from network (and corresponding
neural) measurements that can be performed on individual tasks rather than all combinations of them, thus scaling linearly rather
than factorially with the number of tasks.

Here we compare the minimal basis set configuration (Fig [S.4p top) and tensor product configuration (Fig [S.4h bottom).
With the latter, we observe that the network does not learn the same task structure as the one provided by Grg, and hence the
corresponding learned dependency graph G does not correspond to the theoretical one computed starting from Gg (Figure
@). In particular, to show this, we trained 400 neural networks[? ] under the minimal basis set and the tensor product schemes.
In every instance, we specified a task structure graph Grs and computed its associated theoretical G p. For comparison, we also
constructed an empirical G, by examining the similarity between single task representations encoded in the hidden and output
layers [S16, S17]]. For each single task, we computed the average activity vector generated at the hidden and output layers by
all inputs for that task, and used that as the representation of that task at each of those layers. Two tasks were considered to be
structurally dependent if their representations at either the hidden or output layer exceeded a Pearson correlation threshold of
# = 0.5, indicating that they shared either common associative and/or output representations respectively. A pair of tasks was
considered to be functionally dependent if there was a third task for which the hidden layer representation was similar to one
task in the pair and the output layer representation was similar to the other task in the pair. We then computed the theoretical
capacity o from G'p and the empirical capacity & directly from G p (see Methods, Section S2 and S4).

Consistent with the results reported above, for the minimal basis set configuration we find nearly perfect agreement between
«, & and the network capacity measured directly by the inflection point in the network multitasking performance (Figure [S.4b-
c-d top). The inflection point of multitasking accuracy predicted by & was significantly above @, #(354) = 8.9606,p < 10717,
and below a + 1, #(354) = —26.5022,p < 10735, For the tensor product configuration, the predictions of Gp and Gp
diverge (Figure [S.4p bottom). In particular, we find that the v obtained from the theoretical Gp predicts maximum parallel
processing capacity well. The inflection point of the fitted logistic curve lies significantly above «, t(367) = 13.2679,p <
10732, and below a + 1, —11.0636, p < 10~24. In contrast, estimating the maximum capacity & empirically (i.e., from network
activations) provides a more liberal prediction of the network’s multitasking performance (Figure [S.4c bottom). While the
inflection point of the fitted sigmoid lied significantly below & + 1, it does not significantly lie above &, indicating that the
multitasking performance of the network is slightly over-predicted by the maximum capacity extracted from neural network
activations. Predicted theoretical parallel processing capacity o was found to be lower on average (M = 2.8338, 5D = 0.8424)
compared to the empirical multitasing capacity & (4.7375, SD = 1.1143). We also find that predictions obtained from G p
are less noisy, yet on average nearly equivalent to predictions obtained from the theoretical Gp (Section S4). Critically, this
shows that estimates of G derived strictly from single task measurements yield a good estimate of the network’s MIS, without
requiring direct access to the underlying Grs.

This observation has important practical significance. Whereas technologies such as fMRI and EEG are available to measure
task-related patterns of neural activity, there is still no way to reliably estimate task-specific patterns of connectivity that would
be required to directly estimate Gpg. Furthermore, since direct assessment of multitasking capability grows factorially with
the number of tasks under consideration, doing so behaviorally is impractical in all but the most limited task environments.
However, since the number of measurements required to estimate GG from patterns of activity grows only linearly with the
number of tasks, it should be possible to use this (i.e., using neural measures of task-specific patterns of activity) to estimate
parallel processing capacity in settings involving realistic numbers of tasks that would otherwise be impossible.

S5.  PREDICTING MULTITASKING ACCURACY FOR NETWORKS WITH RANDOM, UNCONSTRAINED WEIGHTS

In the main text, we predict multitasking accuracy for networks with fixed weights from the task layer to the hidden layer.
The weights were fixed to bias the learning of task representations either toward a basis set representation or a tensor product
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FIG. S.4: Impact of the weights learning scheme on o and &. (a) An exemplary task environment with nine tasks (three input dimensions
and three output dimensions) may be learned in two different ways, depending on the weight structure of the network. If the weight structure
enforces a basis set representation, all tasks sharing the same input dimension share a representation in the hidden layer of the network (first
layer of the extracted bipartite graph). If a tensor product representation is enforced, each of the nine tasks is dedicated a separate representation
in the hidden layer of the network. (b) Match between the MIS predicted from the task structure graph, a, and the MIS predicted from learned
representations extracted from the neural network, &. The darker the color of a dot, the higher the proportion of networks representing this
configuration. (c) Parallel processing capacity of the trained network predicted by «. (d) Parallel processing capacity of the trained network
is predicted by @. Plots in (c, d) show the highest multitasking accuracy of the network as a function of the number of tasks it is asked to
perform in parallel (performance curve) as indicated in relation to the network’s MIS. Each line corresponds to the multitasking performance
of a trained network, whereas the color of each line indicates the predicted MIS for that network. The solid black line depicts the average fit of
a logistic function to accuracy curves across networks.

representation. Here, we assessed whether it is possible to predict multitasking accuracy based on learned representations of 400
networks (with 100 hidden units each) with randomly initialized, unconstrained weights. For each of the networks, we randomly
initialized and trained all weights, including weights from the task layer to the hidden layer. We used the MIS predicted from
the task environment, «, as well as the MIS predicted from learned task representations, & to predict multitasking accuracy as
described in the Methods section of the main text.

Figure [S.5]compares simulation results from 400 networks with fixed weights from the task layer to the hidden layer (biased
toward basis set representation; see main text) against simulation results from randomly initialized, unconstrained networks. The
latter networks show a greater mismatch between « and @, indicating that networks learned a wider spectrum of representations
when weights from the task layer to the hidden layer were randomly initialized and trained. Both v and @ accurately predict
maximum multitasking accuracy of randomly initialized, unconstrained networks, as the inflection point of the fitted performance
curves for these networks lies significantly below a set size equal to o + 1, £(328) = —27.6974,p < 1077, and below a set
size equal to & + 1, £(349) = —27.8839, p < 10~°°. However, multitasking accuracy does not drop right after a set size equal
to a, t(328) = —3.7042,p = 1.0, or after a set size equal to &, £(349) = —1.5656, p = 0.94083, indicating that both metrics
overestimate multitasking capacity when all weights are randomly initialized and trained. Overall these results indicate that
both o and & can be used to predict an upper bound for multitasking accuracy in randomly initialized, unconstrained networks,
although the bound is not as tight as the bound predicted for networks with an inductive bias toward a basis set representation.
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S6. PREDICTING MULTITASKING ACCURACY FOR MULTI-LAYER NETWORKS

To investigate how well multitasking metrics o and & generalize to networks with more than one hidden layer, we simulated
290 networks with two subsequent hidden layers, each trained in a different task environment. Each of the two hidden layers
consisted of 500 units and received weight projections from the task layer. To explore different forms of representations between
environments, we fixed weight from the task layer to each hidden layer either to a basis set representation (tasks with the same
input dimension are assigned the same set of units) or a tensor product representation (all tasks are assigned a different set of
units). For each network and each hidden layer, we randomly assigned either of the two representations, each with a probability
of 0.5. Thus, a network could be biased to learn one of four possible network configurations: (1) basis set representation in both
hidden layers, (2) basis set representation in the first hidden layer and tensor product representation in the second hidden layer,
(3) tensor product representation in the first hidden layer and basis set representation in the second hidden layer, and (4) tensor
product representation in both layers. All other weights were randomly initialized and trained as described in the main text.

After training, we extracted two task dependency graphs, one based on learned task representations in the first and second
hidden layer, and one based on learned representations in the second hidden layer and in the output hidden layer, using the same
method as described in the main text. We then computed the MIS for both dependency graphs, a; for the first two layers and oy
for the last two layers, and used each to predict multitasking accuracy. Figure[S.6|indicates simulation results, separated for each
of the four network configurations. On average, we found that the MIS from from the first two layers and the last two layers both
predict an upper bound for multitasking accuracy of trained networks, as the inflection point of the fitted performance curves lies
significantly below a set size equal to &y + 1, £(227) = —103.9067, p < 107192, and below a set size equal to ap + 1, £(234) =
—31.9946, ,p < 10786, However, both &y, £(227) = —66.3462,p = 1, and o, t(234) = —14.8443,p = 1.0 overestimated
the maximum number of tasks that a network can perform. To assess overall multitasking performance, we fitted a logistic
curve to multitasking performance as a function of actual task set size (not normalized to the predicted MIS). We found that
the inflection point for fitted curves is highest for networks with a tensor product representation enforced at both hidden layers
(M = 3.4148, 5D + 0.3919) or at the last hidden layer (M = 3.326, 5D + 0.2405), followed by networks with a bias toward
basis set representation in the first layer and tensor product representation in the last layer (M = 2.7816,SD + 0.26816) or a
bias toward basis set representation in both layers (M = 2.859, 5D + 0.3017). This suggests that tensor product representations
can improve multitasking performance of the network, as long as subsequent layers maintain such representational separation
between tasks.
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FIG. S.6: Simulation results for networks with two hidden layers. The networks were trained with fixed weights from the task layer to
each of the two hidden layers, enforcing either a basis set or a tensor product representation. Plots (a-d) show results for different enforced
network configurations: (a) basis set representation in both hidden layers, (b) basis set representation in the first hidden layer, tensor product
representation in the second hidden layer, (c) tensor product representation in the first hidden layer, basis set representation in the second
hidden layer, (d) tensor product representation in both hidden layers. Each plot depicts a 2-layer task graph for a task environment with nine
tasks (three input dimensions and three output representations). The first and second layers of the task graph depict representations enforced
at the first and hidden layer of the neural network, respectively. The last layer depicts the three output dimensions of the network. The two
subplots in each panel show the highest multitasking accuracy of the network as a function of the number of tasks the network is asked to
perform in parallel (performance curve) as indicated in relation to the network’s MIS, either predicted from learned representations at the first
two layers, &1 (lower subplot), or predicted from learned representations at the last two layers, a2 (upper subplot). Each line corresponds to
the multitasking performance of a trained network, whereas the color of each line indicates the predicted MIS for that network. The solid black
line depicts the average fit of a logistic function to accuracy curves across networks.
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S7. EMPIRICAL EXPECTED PERFORMANCE

To test the formal analysis results on the effective parallel processing capacity, we derived measures of the empirical parallel
processing capacity from 182 trained neural networks. For each trained network, we generated a task environment from a
randomly sampled Erdos-Renyi graph Grg with a fixed degree density (0.2) and a given number of input and output nodes N
where N was varied between 4 and 9 across different task environments. Each network was parameterized and trained on the
task environment to criterion as described in the Methods section of the main text. We then computed the empirical effective
parallel processing capacity as the expected reward for multitasking under a restrictive and permissive reward regime. To assess
the expected reward for a restrictive reward regime, we measured the average proportion of multitasking combinations for a
given task set size p(f = ~) for which all tasks were performed with a maximum absolute error of 0.05. For example, if one
would randomly pick three tasks (with the constraint that they are structurally independent) then this metric would correspond
to the likelihood that the network would be able to perform all three tasks. The expected reward under such a permissive regime
¢~ corresponds to the number of attempted tasks multiplied by this likelihood (see Equation 5 in the main text). We computed
the expected reward for a permissive reward regime q% as the average number of tasks that the network would be able to perform
with a maximum absolute error of 0.05 for a given task set size. For example, if one would pick three tasks (with the constraint
that they are structurally independent) then this metric would correspond to the average number of tasks that the network could
perform (ranging from zero to three).

Our simulation results (Figure [S.7) show qualitative similarities with the formal analysis results (Figure [S.T4). First, we
observed that p(6 = ) as well as ¢, converge to zero as the set size 7y increases (more details in Section [S9). Unlike the
analytic prediction, the expected reward for a permissive reward regime ¢~),y does also converge to zero, reflecting an even more
restrictive limitation on the effective parallel processing capacity, possibly due to unaccounted interference between tasks in
trained artificial networks.

(a) Restrictive (b) Restrictive (©) Permissive
Reward Regime Reward Regime 5 Reward Regime
1 1 1.
N =4
N =5 1
0.8 0.8
=N =6
< —N=7 0.8
" 0.6 — N =8 N 0.6 N
> =N =9 S S 06
3 04 0.4
0.4
0.2 0.2 0.2
0 0 0
0 2 4 6 8 0 2 4 6 8 0 5 10
Task Set Size v Task Set Size v Task Set Size v

FIG. S.7: Empirical effective parallel processing capacity of trained neural networks for restrictive and permissive reward regimes. (a)
The average proportion of multitasking combinations for which all tasks were performed with a maximum absolute error of 0.05 probability
as a function of task set size v. (b) Expected reward under restrictive reward regime, measured as the number of attempted tasks multiplied
by the likelihood shown in (a). (c) Expected reward under permissive reward regime, measured as the average number of tasks that a network
would be able to perform with a maximum absolute error of 0.05 as a function of task set size . These results are in qualitative agreement
with the theoretical results in Section[S9] Figure[S.14}
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S8. COMPUTATION OF THE MIS OF THE DEPENDENCY GRAPH

The Maximum Independent Set (MIS) problem [S44] is a particular instance of a larger optimization problem class, called
Maximum Packing Set (MPS) problem [? ], which we introduce below. Given a set = {1, ..., } and a collection of its subsets
S = {S;|S; C,€} labeled by = {1,...,}. A set packing is a collection of the pairwise disjoint subsets .S, its size is the
packing number. The problem of finding the maximum packing number can be formulated as an integer programming problem
as follows:

maximise Z ng, (S82)
eV
subject to Z n; <1 VrelF (S3)
©:reS;
ni = {0,1Wi eV (S4)

We follow here the approach of (author?) [S24]]. Given a variable nodes set V', we assign to each ¢ € V' a variable n; that takes
values in {0, 1}. The factor nodes set F' contains instead the elements acting as constraints on the variables n;. The edge set E
is then defined as E = {(¢,r)|¢ € V,r € S; C F}, specifying connections between variables and factors.

Using the factor graph G composed by these three sets, G = (V, F, E), the MSP problem specification can be rewritten as

Znigl Vr e F (S5)
1€0,

where 0,. is the neighbourhood of node r in G, corresponding to the set of variable nodes that are involved in factor r. Hence, a
solution is then given by configuration of n; values that satisfy the condition above.

It is possible to write analytical expressions for the expected MIS density, p(n;) = + > icy Mi» where N = |V|. These
expressions are exact in the sparse regime, effectively amounting to local tree-likeness of the factor graph. The expressions for
Replica Symmetry solution are [S24]:

SRS _ <<’Z>> (1 _E, (1 - E,;p{f)é) +Eu(1— k)pt (S6)

where p, satisfies p, = E (1 - E,;pf) (S7)

where c is the degree of a factor node, ¢ the excess degree of a factor node, k the degree of a variable node, k is the excess degree
of a factor node, and (c) and (k) the average factor and variable degrees respectively. The expectations over the various degrees
listed above are denoted by the corresponding E; ; . ,. In standard uncorrelated networks the excess degree distributions take

the form: P(c = s) = w and P(k = s) = %. Exploiting the properties of the degree and excess

degree distributions, they can be rewritten in terms of generating functions as follows:

7 P > e PIs(s 4 1)p(s + 1 > e(s+1)p(s+1
k

(k) (k)

1 & et(5+1)p(s+1)(s+1)_ I o~ d i _
- ; G = . ; =° Hp(s+1) =
T a1 (M0 =D = o s

where ¢ = Inp, and M (t) is the moment generating function of the degree distribution and the derivative of M}, is taken over
t. Putting this expression back into Eq. [S7} we finally obtain:

1 C
p. —E. (1 - M,gu)) (59)

The second term of Eq. [S6|can be written as follows:

Ex[(1 — k)pt] = Expl — Ey[kp!] (S10)
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The first term of the equation becomes:

Expk =Y p(k)pk = p(k)e!™PF = " p(k)e'™ = My(1) (S11)
k

k k

where again ¢ = In p, and M (¢) is the generating function for the network’s degree distribution.
The second term becomes instead:

Ex[kp] = Zp Ykpl = zk:p(k)ke(m”*)k ZP dt e = dtZP My (1) (812)

Collecting the two terms, we obtain:

Ex[(1— k)pl] = M (t) — M(t) (S13)
and Eqs. [S6|and [S7]can be rewritten as:
1 G
L =Fs (11— —— M.t S14
rs _ K) (1 /e g
"= (1= D) 4 M) - M(1) (S15)

These allow us to plug in the moment-generating functions corresponding to the degree distribution of interest. In the main text,
we use a slightly different notation. This is due to the fact that for the case of MIS ¢ = 2 for all factor nodes, so we can simplify
the expressions.

For a generic Gaussian-like distribution, the moment generating function takes the form My (t) = elk)t+o™t?/2, Using the
expression above, we obtain:

1

pe= |1 g (K] 4 o lap) (1) (s16)
and
po = B (1 - pi/(“”) + My, (Inp,)(1 — (k) — o*Inp,) (S17)
(c)

While for a Poisson degree distribution, the generating function for Poisson distribution My (t) = ¢”(©"=1) and in our case with
v = (k),t = Inp,, yielding:

c—1
Py = (1 - e<k><f’*—1>) yielding (S18)

(k) (1 _ pi/(c‘”) + (1 = pa(k))e® @D (S19)

In Figure [S.8] we show that this expression captures well the behavior of p, for increasing network density and for various
levels of degree heterogeneity. Moreover, it gives an analytical grounding to the previous empirical observation that a larger
heterogeneity of task overlap at fixed density results in a higher p,, [S15HS17].

In the manuscript we focused on normal and Poisson degree distributions for simplicity of explanation and for consistency
with previous work by Feng et al. However, Eq. [ST4] gives good results also with more structured degree distributions. We give
here the solutions for Gamma and Pareto distribution.

For a Gamma degree distribution: p(k) = W!ﬂe’k/ 9 we obtain:

—1- L L ! (S20)
P = p«(1 —0logp.) \ 1 — Ologp.

(k) o/ (c—1) 70 8l !
=—(1—ps 1-— 21
P (c ( p )+ 1 — flog p. 1 — 0 log p. (521)
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FIG. S.8: Effects of network heterogeneity on predicted p.. The subplots shows p, as a function of network average degree (k) for a range
of network degree heterogeneities. We consider here a Gaussian degree distribution with average 1 € (0, 20) and variance o proportional to
1 as shown in the legends. The solid black line is the prediction for a Poissonian graph, while the dashed line is the corresponding analytical
solution of Equation We see very clearly that for larger o2, p, systematically shifts to higher values, staying below the Poissonian

solution for o2 < 1 and above it for 02 > 1.
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FIG. S.9: p, results for Gamma degree distributions. We show here the comparison of the measured (dots) versus the predicted (dashed
lines) po for random graphs with N = 70 nodes and prescribed Gamma degree distribution p(k) = Wk”e’k/ % with varying +y of the

degree distribution (left, with fixed 5 = 3), or 3 (right, with fixed v = 1. For each parameter choice, we created 50 graphs.

N
For a Pareto degree distribution p(k) = 75, the density expression becomes:

]. 2 —1 PY
pe=[1- =y @, Ul=, 2m log p.](—logp.)" ™" — P )
< <k>p*( wll K ) log p. )
(k) c/(c=1) g
= 1_ k ’YF_ y ml * - v _1 * K f‘m
p <c>( P/ ) s+ aa o —omlogpa] (07 + (= logp) )+ en?

In Figures[S.9]and[S.10] we show the comparison of simulated and predicted p,, for these two degree distributions.

(S22)

(S23)
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T
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distribution (left, with fixed z,, = 1) and the scale of the minimum degree x,, (right, with fixed v = 2.5). For each parameter choice, we
created 50 graphs. For a Pareto degree distribution, the average degree is v, /(v — 1) so increasing x, directly increases the average degree,

in turn decreasing in pq. S
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S9. COMPUTATION OF THE EXPECTED PERFORMANCE

When we calculate the maximum parallel capacity « for a certain task graph Gp with task-set (i.e. nodeset) T, we focus
only on one (or a few, in some cases) maximum independence sets. It is however important to ask a different question: given a
certain task set 7/ C T with cardinality v = |T”| < «, what is the average number of tasks that can be performed in parallel?
Both reward schemes, ¢, and gzz,y, introduced in the main text, depend on the probability of finding independent task subsets
p(0,7,GP).

Below we give an estimate of this quantity using the degree distribution of Gp. Denote the number of nodes in G as M
and the number of edges in G'p as Mp. The computation of p(#,~y, GP) can be easily visualized as in Figure denote
the degree of the -y nodes as degrees {ko, ..., ky—1}; 1) we need the § nodes to be independent, that is, we are prohibiting the

red edge in Figure , which for each pair of nodes happens with probability (
v — 6 nodes to connect to at least one of the M, = Z?;Ol k; stubs belonging to the independent 6 nodes, and this happens

with probability M;,k;/2Mp per node (we impose the existence of at least one yellow edge). Clearly M,,; = Mp — M.
Putting these contributions together we finally arrive at the probability of executing successfully 6 out of -y tasks with degrees

{k‘o, . .,]{17_1}2

I ); ii) we then require the remaining

0—1 y—60—1 ~—0
. D
p(0;7,GP) o | [] (1 2MD> LH kz] <2MD) (S24)

i<4,i=0

Naturally, the full probability should include the probability of the degree configuration p({ko, ..., ky—1}) which for uncorre-
lated random graphs factorises in the product of «y times G'p’s degree distribution. So, the expression for p(6;~, GP) finally
becomes:

p(0;7,GP) = 91:[1 (1 2MD> fﬁlkl] (2]\/[D>V9[P(/€GD)]7 (S25)

1<j,i=0 =0

Specifying to the case of z-regular networks for simplicity, the previous equation takes a very simple form:

b .2 ) 9,2 \ 7Y » .2 %)
P2 (0;7,G7) = <1_2MD) <2MD) p-(7;7. G )=(1—2MD) (S26)

This form of the equation is interesting because it makes it easy to see the size dependence of the expected performance on
both the average degree and size of the original Grg: indeed in this case 2M = zM, where M here is the number of tasks in
G p which can grow both by enlarging the size of Grg or by increasing its average degree or density, which both result in an
increase of M. For a generic degree distribution with finite first and second moment, if we consider the three main factors in
the probability as independent variables (which is a reasonable assumption for v < M or equivalently M;,, < Mp), we can
approximate the expressions above with the following:

52,69 = (1= L) (MY oy (1 1)

In Figure we show the results for p,, ¢, and ¢~>7 for a set of Erdos-Renyi graphs with sizes M between 10 and 150 nodes
and densities p between 0.2 and 0.6. In Figure[S.13|instead we show results obtained for Erdos-Renyi graphs of variable sizes
where we kept the average degree fixed. While in the latter case, we find that the size independence is broken (which is not
surprising as increasing the network size at fixed average degree corresponds effectively to a network sparsification), we also
find that qualitatively the results are the same as for the fixed density case. The expressions and the results shown above refer
to networks with large M because our aim is to investigate the scaling of effective capacity with increasing M beyond the scale
at which it is possible to simulate the neural networks. However, although our derivation is valid in the large M limit, it is
interesting to check whether it captures also the behaviour at very small M. In the simulations shown below, we start from the
task structure graphs Grs and we build G p from them. Thus we do not control exactly the average degree nor the density of the
resulting G p graphs, but we can fix the density of the input task structure graphs. In Figure[S.14| we show the resulting effective
capacities obtained by doing this and computing numerically the resulting dependency graphs and using the expressions above
to compute the effective capacities. We see that even in the small M limit the analytical expressions capture well the functional
forms obtained from simulations, up to an inversion of the trend when increasing from M = 2 to M = 9, which is likely driven
by the increasing of the number of possible sets of size v when M grows.



18

FIG. S.11: Cartoon of the necessary conditions for 6 (3 in this case) tasks to,t1,...,t9_1 belonging to a subset T7” C T with cardinality
|T'| = 7 (v = 7 in the example) of the entire task universe 7' to be independent.
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S10. ESTIMATION OF G'p’S DEGREE SEQUENCE AND DISTRIBUTION FROM G5

In the main text we showed that under the minimal basis set scheme G p coincides with the G . This means that one can
estimate the degree distribution of Gp from Grg itself. Below we provide an estimation of this.

Consider an input-output pairing bipartite graph G'rs with the same number of input and output nodes N, and denote its input
degree distribution as p(s) and the output degree distribution as p(t). The line graph £L(G1s) of G has node set V(... ) equal

to the edge set E(Grs) of Grs. Hence to each edge e in Grg, or equivalently node in the line graph £(Grs), we can associate

its extremal nodes’ degrees (s, t.). The degree of e is then keﬁ (@rs) _ ¢ + t — 2. Denoting the probability for an input node

with degree s to be linked to an output node with degree ¢ by ps;, we can use it to generate the degree distribution for the line
graph £(Grg) as pf(GTS) = Zs’tpstémﬂ,g. We then write the generating function for py; as g,(z,y) = Y . _o Pst2®y",

which by substitution in the expression for pf(GTS), yields f(z) = Y 1o pf(GTS)zk = % gp(2, 2) [S25]. The corresponding
excess degree distributions become then

(t + 1)ps,t41 (s + Dpst1
qst <t> Tst <S> (528)
which can be then rewritten in the standard generating function formalism.
In order to obtain an estimate k2 for the actual degree k2 in the dependency graph G p of a node e in £(Grg) characterized by
(s,t), we need to calculate what is the contribution to the degree coming from the closure of open wedges, that is, how many
second neighbours the node has. This calculation can be performed in a similar way to standard calculation of the number of
second neighbours[S23]]. In this case, however, we need to take care of the potential effect of the joint degree distribution pg;.
The degree of node e in the dependency graph G p is the sum of the degree of e in £(Grg) and the number of second neighbours
reached from the input excess edges and from the output excess edges:

kP (st =2)+ (s = 1) Hqumap +(t—1))  'quy—r = (s — 1)<<t:>> + (t — 1)<<f>> (S29)

This result holds exactly for sparse graphs. However, we show that it also gives good results for graphs with intermediate
densities. In that case, however, we need to keep track of the possibility that input and output edges of a node in £(Grg) might
connect to the same node. For a node e € Vg, characterized by (s,t), the expression for the degree correction takes the
form

SUYERUNIISRTS SN o P N G () (U R I(URS)

s'=s,t’ s’ t'=t

. Collecting all terms together, we arrive at:

S SPNY C SVPPPN T N I R V(Y R (R $30)

(t

Formally, we can write e (s,t) and, similarly to above, this generates the degree distribution for the dependency graph
kaD = Zs,t Dst0 J oD (s,8)" In practice, calculating the solution for this distribution can be cumbersome, especially when the pg;
does not have a well specified functional form. However, Eq. [S30] can directly be used to generate the degree sequence for G p
from Grg. Note also that the final expression for k” is written in terms of the first two moments of the task structure graph’s
degree distribution p,;, which plays a crucial role in the estimation of p,, of the Gp. In FigureS.15|we show the performance
of Eq. for two different network topologies, exponential graphs (p(k) oc (1 — e=*)e™***)) and scale-free graphs (). It
is easy to see that in the exponential case, by virtue of the definiteness of the moments the estimation is quite accurate, while
for scale-free graphs its accuracy is reduced due to the divergence of the second moment of the degree distribution (for slopes
between 2 and 3).

(s) M-1
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FIG. S.15: Estimated degrees in Gp. We show here the comparison of the estimated degrees for individual nodes in the dependency graph
with the actual corresponding degree in Gp. We show the results for two network topologies for the underlying task structure graph Grs,
exponential graphs with slopes (0.5,0.7,1, 1.5, top row) and scale-free graphs (with power law exponents 2.5, 2.8, 3.1, bottom row), for
various layer sizes of the underlying task structure graph N = 100 (left), N = 150 (center) and N = 200 (right).
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